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Preface

This small volume introduces several important methods for calculating ap-
proximations to the periodic solutions of “truly nonlinear” (TNL) oscillator
differential equations. This class of equations take the form

i+ g(x) = eF(x,2),

where g(x) has no linear approximation at = 0. During the past several
decades a broad range of calculational procedures for solving such differ-
ential equations have been created by an internationally based group of
researchers. These techniques appear under headings such as

e averaging

e combined and linearization

e harmonic balance

e homotopy perturbation

e iteration

e parameter expansion

e variational iteration methods.

Further, these methodologies have not only been applied to TNL oscillators,
but also to strongly nonlinear oscillations where a parameter may take on
large values. Most of these techniques have undergone Darwinian type
evolution and, as a consequence, a large number of papers are published
each year on specializations of a particular method. While we have been
thorough in our personal examination of the research literature, only those
papers having an immediate connection to the topic under discussion are
cited because of the magnitude of existing publications and because an
interested user of this volume can easily locate the relevant materials from
various websites.

vii



viii Truly Nonlinear Oscillators

We have written this book for the individual who wishes to learn, under-
stand, and apply available techniques for analyzing and solving problems
involving TNL oscillations. It is assumed that the reader of this volume has
a background preparation that includes knowledge of perturbation methods
for the standard oscillatory systems modeled by the equation

i+ x=cF(x, ).
In particular, this includes an understanding of concepts such as secular
terms, limit-cycles, uniformly-valid approximations, and the elements of
Fourier series.

The basic style and presentation of the material in this book is heuristic
rather than rigorous. The references at the end of each chapter, along with
an examination of relevant websites, will allow the reader to fully compre-
hend what is currently known about a particular technique. However, the
reader should also realize that the creation and development of most of the
methods discussed in this book do not derive from rigorous mathematical
derivations. This task is a future project for those who have the interests
and necessary background to carry out these procedures. However, these
efforts are clearly not relevant for our present needs.

The book consists of seven chapters and several appendices. Chapter 1
offers an overview of the book. In particular, it presents a definition of TNL
equations, introduces the concept of odd-parity systems, and calculates the
exact solutions to four TNL oscillatory systems.

Chapter 2 provides a brief discussion of several procedures for a priori
determining whether a given TNL differential equation has periodic and/or
oscillatory solutions. The next four chapters present introductions to most
of the significant procedures for calculating analytical approximations to
the solutions of TNL differential equations. These chapters discuss, respec-
tively, harmonic balance, parameter expansion, iteration, and averaging
methods. Each chapter gives not only the basic methodology for each tech-
nique, but also provides a range of worked examples illustrating their use.

The last chapter considers six TNL oscillator equations and compares
results obtained by all the methods that are applicable to each. It ends
with general comments on TNL oscillators and provides a short listing of
unresolved research problems.

We also include a number of appendices covering topics relevant to un-
derstanding the general issues covered in this book. The topics discussed
range from certain mathematical relations to basic results on linear second-
order differential equations having constant coefficients. Brief presentations
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are given on Fourier series, the Lindstedt-Poincaré perturbation method,
and the standard first-order method of averaging. A final appendix, “Dis-
crete Models of Two TNL Oscillators,” illustrates the complexities that may
arise when one attempts to construct discretizations to calculate numerical
solutions.

I thank my many colleagues around the world for the interest in my
work, their generalization of these results and their own original “creations”
on the subject of TNL oscillations. As always, I am truly grateful to Ms. An-
nette Rohrs for her technical services in seeing that my handwritten pages
were transformed into the present format. Both she and my wife, Maria
Mickens, provided valuable editorial assistance and the needed encourage-
ment to successfully complete this project. Finally, I wish to acknowledge
Dr. Shirley Williams-Kirksey, Dean of the School of Arts and Sciences, for
providing Professional Development Funds to assist in the completion of
this project. Without this support the writing effort would not have been
done on time.

Ronald E. Mickens
Atlanta, GA
August 2009
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Chapter 1

Background and General Comments

This chapter introduces the basic, but fundamental concepts relating to the
class of oscillators we call “truly nonlinear.” The two phrases “truly nonlin-
ear oscillators” and “truly nonlinear differential equations” are used inter-
changeable. In Sections 1.1 and 1.2, respectively, we define truly nonlinear
(TNL) functions and TNL oscillators. Section 1.3 presents general com-
ments regarding time reversal invariant systems and odd parity oscillators.
Section 1.4 discusses the important topic of the elimination of dimensional
quantities in the physical nonlinear differential equations through the use
of scaling parameters. The existence of and exact solutions to four TNL
oscillators are given in Section 1.5; this is followed by a brief overview of
four methods that can be used to construct analytic approximations to the
periodic solutions for TNL oscillator differential equations. We conclude
the chapter with a set of possible criteria that may be used to judge the
value of a calculational method for generating approximate solutions.

1.1 Truly Nonlinear Functions
A TNL function is defined with respect to its properties in a neighborhood
at a given point. For our purposes, we select © = 0. Thus, for a function

f(x), we make the following definition:

Definition 1.1. f(x) is a TNL function, at = 0, if f(«) has no linear
approximation in any neighborhood of z = 0.

The following are several explicit examples of TNL functions

filz) =23, foz) =23, fa(x) =z + 25 (1.1.1)
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Note that each of these functions is defined for all real values of z, i.e.,
—00 < x < oo. Inspection of fi(x) and fo(x) clearly illustrate why they
are TNL functions; however, the third function requires just a little more
analysis to understand that it is a TNL function. We have
1i/3 =223 = |z < 23], 0< |2 <1, (1.1.2)
x

1/3 term dominates

and thus it follows that in a neighborhood of z = 0, the x
T

Other examples of TNL functions include

@) =2, fl) === o)
o) = lale,  folw) + —75

In all of the above expressions, we have set possible constants, which could
appear, equal to one. This does not change in any way the essential features
of these functions.

3

S 14 (1.1.3)

1.2 Truly Nonlinear Oscillators

In this volume, we consider only one-degree-of-freedom systems that can be
mathematically modeled by differential equations having (in the simplest
case) the generic form

i+ f(z) =0, (1.2.1)

where the “dots” denote time derivatives, i.e., # = dx/dt and i = d?z/dt>.

Definition 1.2. If f(z) is a TNL function, then the second-order differen-
tial equation, as given in Eq. (1.2.1), is a TNL oscillator.

Using specific representations of f(x), from Section 1.1, the following
are particular examples of TNL oscillators:
F4+a=0,
&+ xt/3 = 0,
4z 4t/ = 0,

o (1.2.2)
PSR A
x+1—|—x2 ’

i+ |zl =0,

1
i+—=0.
X
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The TNL oscillator concept can also be extended to limit-cycle systems.
Starting with the well-known van der Pol oscillator [1-4]

i+x=el—2?)i, (1.2.3)

where € is a positive parameter, then the following TNL oscillator general-
izations can be constructed [5, 6].

i+’ =e(l-a%)t, (1.2.4)
i+ a3 =e(l —a?)i.

1.3 General Remarks

Let’s consider in more detail the specifics of the structural properties of
Eq. (1.2.1). In fact, we can also consider the more general form

i+ F(z, i) =0, (1.3.1)
where F'(z, ) depends on both 2 and its first derivative, &.
When F(xz,#) depends only on z, then F(z,&) = f(z), and Eq. (1.3.1)
becomes
&+ f(x)=0. (1.3.2)
Defining y = 4, a first-integral can be obtained [7] using

d’z L dy  dy

I A . 1.3.3

az ~dt ~ Vdx (1.3.3)
With this result, Eq. (1.3.2) can be integrated to give

Y2

5 +Vi(x) =V(4), (1.3.4)

where initial conditions, z(0) = A, ©(0) = y(0) = 0, were used, and V(z) is
the potential energy [8]. Within the domain of physics, this first integral is
the total energy and the nonlinear oscillator is called a conservative oscil-
lator [3, 8]. Note that this is a general result, not depending as to whether
the oscillator is TNL or of the usual type. An important feature of the so-
lutions for conservative oscillators is that they have periodic solutions that
range over a continuous interval of initial values [7, 8].

We can also consider “generalized” conservative oscillators. These os-
cillators satisfy the condition F(x,—&) = F(x,4). A particular example
is

i+ (142223 =0, (1.3.5)
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which is a TNL oscillator that can be rewritten to the form
d
y L4 14yt =0 (1.3.6)
dx
Integrating gives

T(y)+V(z) =V(A),

where z(0) = A, #(0) = y(0) = 0, and the generalized kinetic [8] and
potential energies are

T(y) = /% V(z) = G) a3, (1.3.7)

As we will show in the next chapter, all solutions to Eq. (1.3.5) are periodic.

In this volume, we will study TNL oscillators that are members of “odd-
parity systems.”

Definition 1.3. The differential equation
&+ F(x,2) =0,

is said to be of odd-parity if this equation is invariant under (x,z) —
(—x,—1x).

All of the TNL oscillators given in Eq. (1.2.2) are of odd-parity. Another
example is given by Eq. (1.3.5).

The real significance of odd-parity systems is that their periodic solu-
tions contain only odd multiples of the fundamental angular frequency in
their Fourier series representations [9]. They are also important because
many physically relevant systems may be modeled by nonlinear differential
equations having this property [2, 7].

Except for Chapter 6, which deals with the possibility of oscillatory,
but not necessarily periodic solutions, the remaining chapters will focus on
constructing calculational methods for determining analytic expressions for
the periodic solutions of TNL oscillators. These TNL oscillatory equations
will have the properties of being invariant under time reversal, t — —t, and
possessing odd-parity, i.e., invariant under x — —z. As an illustration as
to what may occur if both conditions do not simultaneously apply, consider
the three equations

i+ (14 zi)z'/3 =0, (1.3.8a)
i+ (142223 =0, (1.3.8b)
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i+ (14223 =o0. (1.3.8¢)

All of these TNL equations are of odd-parity, but the first equation corre-
sponds to a damped oscillator. This can be seen if it is rewritten to the
form

i+ 2l = —(x2'/?)i.

The right-side represents a damping term and, as a consequence, the so-
lutions are damped and oscillatory rather than periodic. (These results
will be shown in Chapter 2.) Note that this equation is of odd-parity, but
not invariant under ¢t — —t. The second and third equations are invariant
under both ¢ — —t and * — —x, and all their solutions can be shown to
be periodic.

1.4 Scaling and Dimensionless Form of Differential Equa-
tions

Differential equations modeling physical phenomena have independent and
dependent variables, and parameters appearing in these equations possess-
ing physical units such as mass, length, time, electrical charge, etc. [3, 7,
10]. Thus, the magnitude of these quantities depend on the actual physical
units used, i.e., meters versus kilometers, seconds versus hours, etc. A way
to eliminate this ambiguity is to reformulate the physical equations such
that only dimensionless variables and parameters appear. We now demon-
strate how this can be achieved by illustrating the technique on several
explicit differential equations. For fuller explanations, see Mickens [3, 7]
and de St. Q. Isaacson [10].

1.4.1 Linear Damped Oscillator
The modeling differential equation for this physical system is [7, 8]

d*x dx dz(0)

where m is the mass, k; is the damping coefficient, and k is the spring

constant. Each term in this equation has the physical units of force and in
terms of the units mass (M), length (L) and time (7'), we have

ML

[x] =L, [t]=T, I[force]= -
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M M
ml=M, (b=, K=2y, (A=
From the parameters (m, k1, k) two time scales may be constructed,
m\ 1/3 m
T = (—) o= 1.4.2
=% 2= (1.4.2)

With the above indicated initial conditions, there exists only one length
scale, i.e.,

Ly = A. (1.4.3)

Consequently, the following dimensionless variables can be formed

T T — t

— ===, t=—. 1.4.4
L, A’ Ty ( )
The particular form for £ was selected because it is related to the natural
frequency of the oscillators in the absence of damping, i.e., k1 = 0; see
Fowles [8]. Substitution of z = Az and ¢ = Tt into Eq. (1.4.1) gives

dx n ki dz n k P n 1\ dz n 1
— — | — — = — — ) — — |z
dt? m ) dt m dt? Ty ) dt T?

AN &Pz N A\ dz N AN 0
= — [ - _— _ T =
T2) di2 " \T\T» ) dt ' \ T2 ’

which upon simplification gives

T =

2z dz _ dz(0)
ﬁ"‘&a"‘w—o, ZC(O) = 17 dt —07 (145)
where
T
_ ) 1.4.6
‘T (1.46)

Note that the original physical equation contains three parameters
(m, k, k1) and the initial condition parameter A, while the dimensionless
equation is expressed in terms of a single parameter €, which can be inter-

preted as the ratio of the period of the free oscillations to the damping time
[7].

1.4.2 Nonlinear Oscillator

Consider the Duffing’s equation [2, 7]

d*x 3 dz(0)
mﬁ—i—kx—i—klx =0, z(0)=A, 7

~0. (1.4.7)
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The parameters (m, k, k1, A) allow the construction of a single time scale

T = (%)1/2, (1.4.8)
and two length scales
e\ 172
Ly = <k_> , Lo =A. (1.4.9)
1

The time scale, T7, is related to the free oscillations of the linear part of the
Duffing equation. The length scale L is an intrinsic, internal scale related
only to the a priori given properties of the oscillator; it is a consequence
of the oscillator being nonlinear. Lo is the initial condition and thus is an
external condition to be imposed on the nonlinear Duffing oscillator.

From the time scale and the two length scales, two dimensionless forms
can be obtained; they are

>z

x=1I0117: I +z+z° =0, :f(O):L—l, T =0; (1.4.10)
2 pu
Ly\® kA
=\ = . 1.4.11
= (7) -5 (L)

If Lo <« Ly, then Eq. (1.4.11) can provide the basis of a standard pertur-
bation approach to solving the Duffing equation. If L, and Ly are of the
same order of magnitude, then nonperturbative methods must be applied
[7].

143 & +axP=0

Consider the following TNL oscillator

Pz dz(0)
Tl +az? =0, z(0)=A, prt 0, (1.4.12)
where
2 1
a>0, p= 27:1_1 ,  (m,n) = positive integers. (1.4.13)
Let

x=Az, t=Tt,



8 Truly Nonlinear Oscillators

and substitute these into Eq. (1.4.12) to obtain

2,
(i) d_x + (aAP)jP — 0,

T2 ) dt?
or
d*z
o (L SRl EL )
Setting the coefficient of ZP equal to one gives dimensionless equation
d*z dz(0)
e P = T = _ = 4.
I +zP =0, z(0)=1, - 0, (1.4.14)
and the time scale
A-1)71/2
T= [ } . (1.4.15)
a

1.44 #+azx+bz'/3=0
Assume that both a and b are non-negative and consider the TNL oscillator
differential equation

d? dz(0
d—tf—i-ax—l—b:cl/gz(), z(0) = A, 2(0)

=0. (1.4.16)
Using
t=Tt, a=Lz,

and substituting these expressions into the above differential equation, we
find

L\ d*z _ _
(ﬁ) W + (CLL)I + (bLl/B)Il/g = 0,

and

d*z ) b\

ar = (P Sas

d{2+(aT )I+(L2/3>I 0.
The time and length scales for this particular selection may be calculated
by setting to one the coefficients of the second and third terms in the last
equation; doing this gives

T = (2)1/2, L= <§>3/2. (1.4.17)

Inspection of the relation for the length scale indicates that it is an intrinsic
value determined by the parameters appearing in the original differential
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equation, while 7} is related to the period of the free oscillations when the
nonlinear term is absent. In terms of the original initial conditions, given
in Eq. (1.4.16), the new initial conditions are
_ aN3/2  dz(0)
20)=4 (5) ©Tdt
It is of interest to investigate the case for which the length scale is taken
to be L1 = A. For this situation
t=Tt x=AZ.
Substituting into Eq. (1.4.16) gives

A\ d’z _ 1/3y-1/3
< >W+(CLA)Z+(I)A/)$/ =0

=0. (1.4.18)

T2
and
d*z ) v
= =1/3 _
e + (aT*)T 4+ 757 =0.

Setting the coeflicient of the  term equal to one gives the following expres-
sion

A’z
d—t_f+5:+e:e1/3 —0 (1.4.19)
where
b L 2/3

Observe that e is the ratio of the system’s intrinsic length scale to the initial

value z(0) = A, raised to the two-thirds power. The initial conditions for

the dimensionless equation are

_ dz(0)
The above example illustrates the fact that we can often eliminate all

the parameters and have a nontrivial set of initial conditions or we can have

one dimensionless parameter with simple initial conditions. Generally, we
will opt for the first situation.

1.5 Exactly Solvable TNL Oscillators

A number of special cases of TNL oscillator differential equations exist that
can be solved exactly in terms of standard known functions. These include
the antisymmetric, constant force oscillator [11]; the particle-in-a-box [7];
a particular form of the Duffing equation [7]; and the quadratic oscillator
[12]. In this section, we present the details of how to obtain the appropriate
analytical results for each oscillator.
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1.5.1 Antisymmetric, Constant Force Oscillator [11]

This oscillator has the following equation of motion
2+ sgn(x) =0, (1.5.1)

where the sgn(z) function is

+1, for x>0,
sgn(z) =40, forx =0, (1.5.2)
—1, forx<O.

This nonlinear equation is equivalent to the following set of linear equations

Z4+1=0, forxz >0, (1.5.3a)
i—1=0, forz<0. (1.5.3b)

Their respective solutions are
1
IJr(t) = — <§> t2 —+ Alt + Bl, (154&)
1

where the integration constants are denoted by (Aj, A2, B1, Bs). We will
now obtain the required solution by using the initial conditions

z(0) =0, (0)=A>0. (1.5.5)
Since A > 0, we must use x4 (¢) to match these initial conditions, i.e.,

LL‘+(0) =B, = B = 0,
I+(O) = Al = A1 = A,

and
1
2y (t) = — (§> tt—24), 0<t<2A (1.5.6)
Observe that x4 (t) has the following properties

° I+(O):O,
o 14 (t) >0, for 0 <t<2A4,
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These results imply that the period, T', is
T =4A. (1.5.7)
Now, at t = 2A and ¢t = 4A, we require
x_(24) =0, z_(44)=0.
From Eq. (1.5.4b) it follows that
Ay = —3A, By =442,

and, as a consequence of these values z_(t) is
2

r_(t) = % — (BA)t +4A4%, 2A <t <A4A. (1.5.8)
Combining this information gives
x(t +4A) = z(t), (1.5.9)
—t(t —24)/2, for 0 <t <24,
xz(t) = ¢2 (1.5.10)

% — (3A)t +4A%, for 2A < t < 4A.

The Fourier series representation for x(t) can be easily calculated and
is given by the following expression

(t) = (%) ,i (2k—14-1)3 sin [(% ;“Al)”t] . (1.5.11)

Note that only odd values of the fundamental period, T' = 4A, appear in
the expansion. Further, observe that the four coefficients have the upper
bound

C(4)
k3
where C'(A) can be determined by inspection from Eq. (1.5.11).

by < (1.5.12)

1.5.2 Particle-in-a-Box

Consider a one-dimensional box located between = 0 and x = L, i.e., the
“size” of the box is L. Let a particle be situated in the box such that at
t =0, it is at z = 0 with the velocity vg > 0, i.e., it is moving to the right.
After a time T™, where

=L (1.5.13)

Vo
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the particle hits the wall at x = L, reverses direction and continues to the
left. Again, after a time interval of T, the particle collides with the wall
at © = 0 and reverses direction. Thus, the overall motion is periodic with
period

T =2T* = ==, (1.5.14)

therefore
z(t+T) = x(t).

If we define the velocity function as v(t) = @(t), then
v(t+T)=v(t),

where

T
vot, for0 <t < —,
z(t) = T 2 (1.5.15)
vo(T —t), for 5 <t<T,

T
V0, for 0 <t < —,
v(t) = T 2 (1.5.16)
—vg, for 2 <t<T.

If we let L = m and vy = 1, then T' = 27 and the Fourier series for x(t) and
v(t) are

=
—~
N
I
|

4\ o= cos(2k — 1)t
_ (;) 3 7(2&; a 1)2) (15.17)

k=1

>4
e

~+
~

4\ o= sin(2k — 1)t
k=1

Again, observe that only odd multiples of the fundamental period appear
in the expansion.

1.5.3 Restricted Duffing Equation
The full Duffing equation takes the form
F+ ki@ + kx + kox® = 0.
The restricted Duffing equation is (in dimensionless units)

i+ =0. (1.5.19)
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For the initial conditions
2(0) = A, (0) =0, (1.5.20)
the exact solution is [7, 13, 14]
x(t) = Acn (At; 1/\/5) , (1.5.21)
where “en” is the Jacobi elliptic function [13, 15].
Let k and k' satisfy the relation
(K)? + Kk =1.
Define the complete elliptical integral of the first kind to be [13, 15]
(k) /”“ __ 4
0 1 —k2sin? 6

Define ¢(k) as

and take v(k,u) to be

o(k,u) = [%(k)} u.

Based on the above quantities, the Jacobi cosine elliptic function is given
by the formula

m = mty
en(u, k) = [%(k)} Z <%> cos(2m + 1)v. (1.5.22)

m=0

For our case, i.e., the restricted Duffing equation, we have

1 1
k=—, F|—=)=1.854074...

1
— ) =0.043213....
q(\/i)
If we write ¢ (1/\/5) as

q (1/\/5) =e ¢
then

a=3.141592. ..
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and it is easy to show that the Fourier coefficients are bounded by an
exponential function of m, i.e.,

—(m+3)a
A = 2v/2n c - (1.5.23)
F ()| [T )
V2
< Ce ™,

where C' can be easily found from the above expression. This result implies
that the Fourier coefficients decrease rapidly and, consequently, the use
of just a few terms in the expansion of cn(u, k) may provide an accurate
analytical representation of the periodic solution [7, 16, 17].

1.5.4 Quadratic Oscillator

The quadratic oscillator differential equation is

F+|zjlz=0 or &4 a’sgn(z)=0. (1.5.24)
In Section 2.2.2, we show that all solutions for this TNL oscillator are
periodic with period given by the expression [12]
s
N T CAL2
where 2(0) = A and #(0) = 0 are the initial conditions. Further, we find
that the solution is

T(A)

(1.5.25)

B (\/g—i- 1) en(t, k) — (\/g — 1)
z(t) = A 5 en(t. 1) ] , (1.5.26)
where
g 1/4
en(t, k) =cen (%) tkl, k= 2 +4\/§ . (1.5.27)

Consequently, the periodic solution is expressed as a rational function of
the Jacobi cosine function.

1.6 Overview of TNL Oscillator Methods

Nonlinear oscillations occurring in one-degree-of-freedom systems have been
studied intensely for almost two centuries [2-4, 18-25]. The general form
that those equations take is

itx=cf(zr,i), 0<e<l, (1.6.1)
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where € is a small parameter. These classical methods are based on expan-
sions in terms of € which are taken to be asymptotic series. Each particular
perturbation method is distinguished by how this feature is accomplished.
If from a prior: considerations it can be determined that periodic solutions
exist, then a major task, for each method, is to eliminate the so-called
secular terms. Secular terms are expressions in the solutions that are os-
cillatory, with increasing, time dependent amplitudes [3, 4, 7], i.e., for an
odd-parity system

secular term : t" cos[(2k + 1)Q], (1.6.2)

where (n, k) are integers, with n > 1 and k& > 0. For all of the standard
methods, procedures have evolved to resolve this issue.

Inspection of Eq. (1.6.1) shows that each of the classical methods has at
its foundation the explicit assumption that when e = 0 the resulting “core”
equation is the linear harmonic oscillator differential equation, namely,

To+ 20 =0, (1.6.3)

where the zero indicates e = 0. This fact presents an immediate difficulty
for TNL oscillators, where Eq. (1.6.1) is replaced by, for example,

Z+aP =ef(x,z), p#l. (1.6.4)
We observe that when € = 0, this equation reduces to the nonlinear equation
Zo +ah =0, (1.6.5)

and this type of equation would, at the very least, greatly complicate any
solution construction based on expansions in the parameter e. The general
conclusion is that the standard classical perturbation procedures cannot be
applied to TNL equations.

Generally, four techniques can be used to determine the approximations
to the periodic solutions of nonlinear oscillator differential equations. In
general, they may be applied to both standard and TNL equations, i.e.,
those that can be expressed as in Egs. (1.6.1) and (1.6.4). All of these
procedures, except for one, set up a methodology that converts the problem
of solving a single, second-order, nonlinear differential equation to one of
solving, in sequence, an infinite set of linear, inhomogeneous equations. A
brief discussion of each procedure will now be given. The relevant details
will appear in the chapter devoted to each particular method.
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1.6.1 Harmonic Balance

The harmonic balance method is based on the use of an assumed trun-
cated trigonometric expansion for the periodic solution. The n-th order
approximation takes a form such as

Zn(t) = ay cos O 4 ag cos(30) + - - - + a, cos(2n — 1), (1.6.6)

where 0 = Q,t, and the n-coefficients and €2,, are to be determined. For
a conservative system with initial conditions, x(0) = A and #(0) = 0,
the basic strategy is to substitute Eq. (1.6.6) into the differential equation
and expand the resulting expression into a trigonometric series, but only
including terms from cos @ to cos(2n — 1)8; doing this gives the following
type of relation

Hi(ai,a2,...,a,,)cos + Hy(ar,az,...,an, Q) cos(30)
+ -+ Hy(a,ag,...,Q,)cos(2n — 1)6 + HOH ~ 0, (1.6.7)

where HOH stands for higher-order-harmonics, and for a given differential
equation the H;(a1,aq,...,an,, ;) are completely specified. The harmonic
balancing procedure consists in setting the coefficients of the cosine terms
to zero, i.e.,

Hi(ai,az2,...,a,,Q,)=0; i=1,2,3,...,n. (1.6.8)

These n-relations, along with the initial conditions, can be solved to give
all the coefficients and €,, as functions of A, i.e.,
{aizai(A); 1=1,2,....,n;

o 004 (1.6.9)

1.6.2 Parameter Expansion

The parameter expansion method is an extension and generalization of
standard perturbation methods. The basic idea is to take a parameter
occurring in the differential equation and represent it as an expansion in
terms of a fictitious or artificial parameter. Such an expansion may provide
a valid (asymptotic) solution when the parameter has small values. If this
is correct, the resulting expression is then evaluated for some large value
of the parameter (usually selected to be one) for the actual problem of
interest.
To illustrate the method, consider the TNL equation

42 =0, 1.6.10
( )
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it can be rewritten as
i+ Q% = Q0% — a3, (1.6.11)

where 2 is, for the present, unknown. Now a parameter p is introduced in
the following way

i+ Q% = p(Q%r — 2%). (1.6.12)

The basic idea is now to assume p to be small and treat the latter equation
using standard perturbation methods. After this is done, one sets p =1 in
the resulting expressions for the approximations to the solutions. In general,
the angular frequency, Q2 = 27 /T, is determined by the requirement that
no secular terms be present in the solutions.

1.6.3 Awveraging Methods

Averaging methods generally start with the following representation for the
periodic solutions

2(t) = alt) cos (1), (1.6.13)

and, through a series of assumptions and mathematical manipulations, de-
rive first-order differential equations for unknown functions a(t) and (¢),
ie.,

— =¢Fi(a), — = eFy(a), (1.6.14)

where € is, in general, some small parameter appearing in the original dif-
ferential equation. These equations are solved, in the order presented, to
obtain a(t,€) and v (t, €).

In somewhat more detail, the “a” and “¢” in Eq. (1.6.14) are not,
strictly speaking the same as the “a” and “” in Eq. (1.6.13). The latter
equations are averaged equations, with the averaging done on an interval
of 27 in the variable ¥. The details as to what exactly is needed to obtain
the expressions in Eq. (1.6.14) will be given later in the chapter devoted to
this topic.

This method has the distinct advantage, as compared with all the other
procedures, of allowing oscillatory, but not necessarily periodic solutions,
to be calculated.
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1.6.4 Iteration Techniques

Tteration techniques start with a given nonlinear (regular or TNL) oscillator
differential equation and, through a series of manipulations, transform it
into a set of linear, second-order, inhomogeneous equations that must be
solved sequentially. For example, consider

i+2°=0, x(0)=A4, (0)=0,
and add Q22 to both sides to obtain
i+ Q% = 0% — 2. (1.6.15)
Define z¢(t) to be
xo(t) = Acos(Qt),
where g is currently known. Now define the sequence of functions

xo(t),z1(t), ..., xn(t),...,

which are solutions to

{ikJrl + Qikarl = Q%xk — Iza (1.6.16)

(Ek.ﬂ,_l(o) = A, .’I.Z'k_;,_l (O) =0.

The Qj are determined by the requirement that xj41 does not contain
secular terms. Note that under these conditions, x1(t) can be calculated
from a knowledge of ¢ (t); z2(t), likewise, can be determined from 1 (t);
etc. In practice, the hope is that zy(t), for small values of k, will provide
an accurate representation to the actual periodic solutions.

1.7 Discussion

We end this chapter with a brief overview of some of the criteria or qualities
expected of a method that can be used to calculate analytical approxima-
tions to the periodic solutions to a TNL oscillator. However, in the final
analysis, the validity and value of a particular method and the solutions
that it produces depend heavily on what we intend to do with the results
obtained from the calculations. However, the following four items/issues
are of prime importance:

1) The method of calculation should be rather direct to understand

and easy to implement.
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In particular, this means that higher-order approximations should be ca-
pable of being straightforwardly obtained, although in practice it may be
algebraically intensive to carry out this process.

2) The method should allow accurate estimates to be made for the
period of the oscillations.

Again, what is to be considered “accurate enough” will clearly be a function
of what we intend to do with this result.

3) The calculational procedure should produce trigonometric approx-
imations to the actual Fourier expansions such that a prior: known
restrictions on the expansion coefficients (bounds, rates of decrease,
etc.) should be generally satisfied by those of the approximate so-
lutions.

A wide range of theorems exist on the general properties of Fourier coeffi-
cients [16, 17]. To the degree that this is possible, the coefficients appear-
ing in the approximate expressions should also satisfy these restrictions. In
fact, these limitations on the coefficients may be used as a measure of the
“quality” of the solutions produced by a given calculational scheme.

4) The approximate solutions obtained from a particular calculational
scheme should have the appropriate mathematical forms, struc-
tures, and properties known to be possessed by the exact solutions.

Thus, for example, the TNL equation is of odd-parity, then the approximate
solutions should only contain odd multiples of the fundamental period. The
occurrence of terms having even periods would indicate that the scheme is
incorrect. In a similar fashion, if the TNL oscillator is conservative and if
the initial conditions, 2(0) = A and %(0) = 0, are selected, then only cosine
terms should appear in its trigonometric approximation expansion.

While we realize that the criteria presented above are vague and heuris-
tic in nature, it is clear that this situation is as it is because approximation
procedures in practice, and in the results they produce, are by their essence
never fully based on rigorous mathematics. In almost all cases, some math-
ematical requirement that was used to justify the procedure is violated.
Therefore, the real value of a (practical) approximation method is whether
it provides a suitable resolution of some set of issues related to a problem
that is formulated in the language of mathematics. This means that the
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user of such schemes must have deep fundamental insight into the original
(in most cases) physical problem, while also understanding and acknowl-
edging the limitations of a purely mathematical approach. This realization
has provided much of the existing tension between “pure” and “applied”
mathematics.

Problems

1.1 Which of the following functions are TNL (at = 0)?

.3 Prove that

d
%|x| = sgn(z).
1.4 Is 23 the same as |z|?z. Explain your answer. What about x and

|z[sgn(x)?
1.5 Transform the following differential equations to dimensionless forms.
(i) mi + ax® + ba® =0
(ii) a:—l—w x—|—kx1/3 = (a — bz?)i
(iif) &+ 13 f$2 =0
(iv) @+ glz|*sgn(z) + ha® = 0.
Assume the initial conditions are z(0) = A and #(0) = 0.

e For a given equation, are the scales unique?

e If not, discuss the differences between the scales.

e What physical interpretation can be associated with each set of scales
when a particular differential equation has more than one set of scales.

1.6 Are any of the differential equations listed in Problems 1.2 and 1.5 of
odd-parity? Which are invariant under ¢t — —t7
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Chapter 2

Establishing Periodicity

Before any attempt is made to calculate approximations to the periodic
solutions of either standard or TNL oscillator differential equations, we
must provide justifications for why we believe periodic solutions exist for the
particular equation of interest. We will always assume that our differential
equations satisfy the appropriate conditions such that an existence and
uniqueness theorem holds for solutions [1-4].

This chapter examines and applies some general techniques that can be
used to illustrate the existence of periodic solutions for a given TNL equa-
tion. These methods also apply to the case of standard equations [5]. The
first section introduces the notion of a two-dimension (2-dim) phase-space
and explains how the ideas associated with this concept may be used to
determine whether a given equation has periodic solutions. In Section 2.2,
we apply the results of Section 2.1 to a number of TNL oscillatory differen-
tial equations. Since many systems are influenced by friction or dissipative
forces, Section 2.3 provides a procedure for obtaining useful information for
this case. Finally, in the last section, we give a concise summary of what
was achieved in this chapter.

2.1 Phase-Space [5]

All of the nonlinear, second-order, differential equations examined in this
volume can be written as special cases of the equation

i+ f(z) = eg(z, @),

where € is a parameter, and as explained previously, the dot notation indi-
cates differentiation with respect to time, i.e., © = dz/dt and i = d*z/dt>.

23
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However, for this section, we only consider the equation
&+ f(x) =0. (2.1.1)

We now examine Eq. (2.1.1) within the framework of a 2-dim phase-space.

2.1.1 System Equations

The second-order differential equation, given in Eq. (2.1.1), may be refor-
mulated to two first-order system equations

t=y, y=—f(x). (2.1.2)

The first equation is a definition of the variable y, while the second equa-
tion contains all the dynamics of the original second-order differential equa-
tion. Observe that this method of constructing the system equations is not
unique; another valid representation is

The variables  and y define a 2-dim phase-space which we denote as

(z,y).

2.1.2 Fized-Points

The fixed-points are constant or equilibrium solutions to the system equa-
tions, i.e., they correspond to z(t) = constant and y(t) = constant. There-
fore the fixed-points are simultaneous solutions to

G=0, f(5)=0, (2.1.3)
where the barred quantities indicate the constant solutions, i.e.,
a(t) =z, y(t)=7.

For systems modeled by Eq. (2.1.1), the fixed-points are all located on the
phase-space z-axis. If f(Z) = 0 has m-real solutions (Z1, Za, ..., Ty ), then
the fixed-points are

(Z1,0), (Z2,0), ..., (ZTm,0).
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2.1.3 ODE for Phase-Space Trajectories

The solutions to Eq. (2.1.2) trace out curves in the (z,y) phase-space, i.e.,
(x(t),y(t)) as the solutions evolve with time, t. These are the phase-space
trajectories and they satisfy a differential equation that we will now derive.

Let 2(t) and y(t) be solutions to Eq. (2.1.2), subject to initial conditions
2(0) = zp and y(0) = yo, where (x0, o) is given. Then, as stated above,
for all ¢ > 0, the point (xz(t), y(t)) moves in phase-space producing a curve
C(x,y). The differential equation satisfied by this curve can be determined
by the following argument. Let y = y(z), be the equation of the curve;
then

dy _dy do
dt — dax dt’

and using the results in Eq. (2.1.2), we obtain
d
dy __fl@) (2.1.4)
dx Y

In general, this is a first-order, nonlinear differential equation, whose solu-
tions are the curves of the solution trajectories in phase-space.

2.1.4 Null-clines

Null-clines are curves in phase-space along which the derivative, y' = dy/dx,
has constant values. Null-clines, in general, are not solutions to the tra-
jectory differential equation; however, they help organize phase-space in a
manner to be discussed below.

Our interest is in only two particular null-clines: the curves along which
y' =0 and ¢y = co. We denote these two curves, respectively by yo(x) and
Yoo ().

Examination of Eq. (2.1.4) gives the following results for yo(z) and

Yoo (T):
{y’ =0: Along the curves Z = 0, where Z is a real solution of f(Z) = 0.

y = 0o : Along the z-axis.

Thus, yo(x) consists of vertical lines, Z = constant, corresponding to the
real solutions of f(Z) = 0; while yoo () is the full z-axis.

This analysis reveals that the yo(z) and yoo(x) null-clines always inter-
sect at a fixed point.

A second feature, of equal significance is that the two null-clines divide
the phase-plane into a number of open regions. In each of these regions, the
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sign of the derivative, dy/dz, is fixed, i.e., it is either positive or negative,
and, furthermore, dy/dx is bounded. Therefore, the only places where the
derivative can be zero or unbounded is on one of the two null-clines and
they form the boundaries of the open regions, for which only a single sign
for dy/dx can occur [5, 6].

2.1.5 Symmetry Transformations

A symmetry transformation is a change of dependent variables such that the
form of the original differential equation is maintained by the transformed
equation expressed in terms of the new variables.

Let the system equations (in a more general form than we have consid-
ered) be written as

&=F(z,y), y=GCG(zy), (2.1.5)
and make the change of variables
v =T1(2,9), y="T2(,7), (2.1.6)

where z and y are the new dependent variables. If on substitution of
Eq. (2.1.6) into Eq. (2.1.5), the new system equations take the form

j = F(‘{E?g)7 g = G(i.7g)7 (2'1'7)
then Eq. (2.1.6) is said to be a symmetry transformation of Eq. (2.1.5). This
means that (z,y) and (Z, 7) satisfy exactly the same differential equations.

2.1.6 Closed Phase-Space Trajectories [3, 5, 7|

Simple, closed curves in phase-space correspond to periodic solution. This
follows from the fact that on completing a path from the original state, x(to)
and y(tp), to that same state at time to + T, the existence and uniqueness
theorems require that the motion continues to repeat this same behavior
indefinitely in time. Since

x(to+T)=x(to), ylto+T)=uylt),
then the period of this motion is T' [7].

2.1.7 First-Integrals

The first-order differential equation for the path of the trajectories in phase-
space is separable; see, Eq. (2.1.4),
dy _ f(=)

de y
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and can be immediately integrated to obtain the relation

2
L V(z) = constant, (2.1.8)
Y

where the potential function, V(z), is defined to be

/ @ (2.1.9)

This equation is called a first-integral of the differential equation

&+ f(x) =

In the next section, we use the various concepts introduced in this sec-
tion to demonstrate the existence of periodic solutions for a wide range of
TNL oscillator equations.

2.2 Application of Phase-Space Methods

2.2.1 Linear Harmonic Oscillator

The linear harmonic oscillator provides a model for a broad range of phe-
nomena in the natural and engineering sciences [8-10]. The differential
equation for this system is

i4+2x=0, z(0)=A, z(0)=0, (2.2.1)
and its exact solution is
x(t) = Acost. (2.2.2)

We now follow the procedures of Section 2.1 and demonstrate indepen-
dently that the linear harmonic oscillator equation has all periodic solutions:
(i) The system equations are

dx dy
(i) A single fized-point exists and it is located at
(z,9) = (0,0). (2.2.4)

(iii) The trajectory equation is

dy x
- =—. 2.2.5
iy (2.2.5)
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(iv) The two null-clines are

{y/ =0: along the y-axis, (2.2.6)

Yy = oo : along the z-axis.
(v) The trajectory equation Eq. (2.2.5) is invariant under the three
coordinate transformations
Siix——x, y—uy (2.2.7a)
(reflection in the y-axis)
Syix—x, y— —y (2.2.7b)
(reflection in the z-axis)
Sy:ix— —x, y— —y (2.2.7¢)
(reflection/inversion through the origin).
We will call these transformations the symmetries of the original differential

equation (2.2.1).
(vi) A first-integral exists and it is

y? +a® = A% (2.2.8)

With these results, we now prove that all the solutions to the linear
harmonic oscillator are periodic. This can be achieved in two ways.

First, observe that the trajectories in phase-space are given by
Eq. (2.2.8), the first-integral. The corresponding curve is closed (in fact, a
circle) for any value of A # 0, and therefore the conclusion is that all solu-
tions must be periodic. Note that A = 0 gives the fixed-point (z,7) = (0, 0).

A second method for demonstrating that all solutions are periodic is to
use the known geometrical properties of the associated phase-plane. Fig-
ure 2.2.1 gives the essential features. In particular:

e The null-clines, yo(z) and yoo(x), lie along the respectively y and x
axes.

e The null-clines, yo(x) and y~(2), divide the phase-plane into four open
regions, each coinciding with a quadrant of the plane.

e In each quadrant, the sign of the derivative, dy/dx, has a definite value.

The proof that all trajectories are closed proceeds as follows (see Fig-
ure 2.2.2):

1) Select an arbitrary point, P;, on the y-axis. The trajectory through
this point has to have zero slope at Py, decrease in the first quadrant, and
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Fig. 2.2.1 Basic properties of the phase-plane for the linear harmonic oscillator. The
dashed-line (- - -) is the “zero” null-cline, the solid line (—) is the “infinite” null-cline.
The (%) indicates the sign of dy/dx for the designated region.

intersect the z-axis with unbounded (infinite) slope. See part (b) of the
diagram.

2) The application of the symmetry, Ss, i.e., reflection in the x-axis,
gives the result in (c).

3) Finally, the application of the symmetry, S, i.e., reflection in the
y-axis, gives (d).

4) Since reflection symmetries produce images that are continuous at the
line through which the reflection is made, we may conclude that the net
result of all our operations is to generate a closed curve in the phase-plane.
Consequently, this path corresponds to a periodic solution.

5) The point P; is an arbitrary selection. (Note that it is only for our
convenience that P; was selected to lie on the y-axis; any other choice would
work, but the total effort to show that the trajectory through this point is
a closed curve would be greater.) Therefore, we conclude that all solutions
are periodic.

General Comments: At no point in the above phase-plane arguments did
the actual form of the differential equation need to be known. This implies
that for any particular differential equation, independently as to whether
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Fig. 2.2.2 Geometric proof that phase-plane trajectories are closed curves using the
symmetry transformations.

it is a regular or TNL oscillator, if it has the mathematical structure such
that the following phase-plane properties exist, then all the solutions are
periodic. The required features are:

There is a single fixed-point at (Z, ) = (0,0).

The yo(x) and yoo(2) null-clines coincide, respectively, with the y and x
axes.

The four open domains to which the phase-plane are divided by the null-
clines are as presented in Figure 2.2.1.

The trajectory equation, for the phase-plane curves, is invariant under the
transformations S, So, and Ss.
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This is an important result and will be used in the next subsection to prove
that several TNL oscillator equations have only periodic solutions.

2.2.2 Several TNL Oscillator Equations
The following six second-order, nonlinear differential equations are exam-
ples of TNL oscillators:

423 =0,

i423° =0,

iP+a42/3 =0,

# + 2%sgn(x) = 0,

i+ (1+ %)/ =0,

1 —
21/
Close inspection of all these equations shows that they possess the following
properties:

T+ 0.

They are invariant under time inversion, t — —t, and are of odd-parity.
They all have a single fixed-point, located in the phase-plane at (Z,7) =
(0,0).

Each has null-clines, yo(z) and yo(2), that coincide, respectively, with
the y and x axes.

Each has a trajectory equation that is invariant under Sy, So, and S3.
Their respective phase-planes may be represented as given in Figure 2.2.1.
They all have first-integrals that can be explicitly calculated.

From the totality of properties, given in a) to f), we conclude, based on
the results of Section 2.2.1, that all of the above listed TNL oscillators have
only periodic solutions.

We now examine the fourth equation listed above, i.e.,

&+ 2%sgn(z) = 0, (2.2.9)
and calculate its exact solution. To begin, take the initial conditions to be
z(0) = A, @(0)=y(0)=0. (2.2.10)

The trajectory equation and first-integral are given, respectively, by the
relations
dy x?sgn(z)

= 2.2.11
dx y ’ ( )
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2 3 3
y x A
5 + ( 3 ) sgn(x) = 5 (2.2.12)

Since y = dx/dt, then in the fourth-quadrant of the phase-plane, where y
is negative and x positive, we have

ydm_< 2)«/;13_1;3,

Tdt 3

3 dx
dt == (\@ Ny

Because of the symmetry properties, the period of the oscillation can be
calculated from the expression

T/4 0
/ dt = — \/§ / _dr (2.2.13)
0 2)Ja VA3 =23

and this can be written as

3 0 dx
Let x = Az, then

T(A)_4<\/g> <A11/2>/01 \/1df_z3. (2.2.15)

From [12-14], we have

or

L d=-Aemll ()] e
0o VI—23  [2m/3(21/3) 3)1 7 -
where T’ (%) = 2.678938534 . ... Therefore, the period, T'(A), is
INEINCER)
with angular frequency equal to
2(95/6
Q)= 2% )T (2 2 A2, (2.2.18)
A rG)

In a similar manner, the exact solution can be calculated. Starting with

dx \/5
- —\/Za
/A3 — x3sgn(x) 3
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it follows that

r du 2
_/A —— - \/;t, (2.2.19)

Now let u = Az, then the left-hand side of Eq. (2.2.19) becomes

A 1
/ du__ _ ( } 2) / _ 4= (2.2.20)
z VA3 —ud A/ /A V1—23
But [13, 14],

1
d 1 3—-1
/ LI (—) et (YBZ1E0 ) (2.2.21)
v V1—23 31/4 V3+1—w
where en~! is the inverse Jacobi cosine function and

j2 = 2 +4‘/§ . (2.2.22)

Therefore, from Eqs. (2.2.19), (2.2.20) and (2.2.21) it follows that for v =

z/A,
2 1/4
() e

(V3+1)en(t, k) — (V3—1)
1+ cen(t, k) ’

V3—1+w

\/§+1—v_

Solving for x = Av gives

z(t) = A

(2.2.23)

where we have used a shorthand notation for the Jacobi cosine function.
Equation (2.2.23) is the solution for the TNL oscillator given by Eq. (2.2.9).

2.3 Dissipative Systems: Energy Methods [7]

For completeness, we now discuss conservative oscillators containing a pos-
itive damping term. For our purposes, the equation of motion takes the
form

i+ f(z) = —eg(x)z, x(0)=A, &(0)=0, (2.3.1)
where the right-hand side is the damping term and it is assumed that
g(x) >0, —oo<z<oo; €>0. (2.3.2)

Other more general forms exist for damping terms, however, their use does
not lead to any fundamental changes in the conclusions to be reached.
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For € = 0, we have
i+ f(z) =0,

and this equation has the first-integral

2
LV = V), Vi) = [ f@

Let V(z), the potential, have the properties
V(0)=0, V(-z)=V(z); V(z)>0, z#0.

If this is true, then the function

2

Wz, y) = % +V(2) (2.3.3)
satisfies the condition
W(z,y) >0 ifxz#£0, y#0; (2.3.4)

ie., W(x,y) is zero if = y = 0, otherwise, it is positive.
We can now use the function W(xz,y) to study the behavior of the
solutions to Eq. (2.3.1). The system equations are

i=y, y=—f(2)—eg()d (2.3.5)
and
dw oW . OW

o Ty Y
Substituting the expressions for & and g, from Eq. (2.3.5), into the right-
hand side gives

aw

— = f@)y +y[=f(2) - eg(2)y] = —eg(a)y® < 0. (2.3.6)
The above inequality implies that W is a monotonic decreasing function
and this in turn implies that

= ()~ ()

Therefore, if the solution for e = 0 is periodic, then for € > 0, the periodic
behavior is replaced by damped oscillatory motion.

Section 1.5 of the book by Jordan and Smith [7] presents several exam-
ples and further explanations of nonlinear damping.
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2.3.1 Damped Linear Oscillator
The differential equation for this oscillator is
I4x=—2ex, €>0, (2.3.8)
and the function W (x,y) is
W(z,y) = 2% + 9> (2.3.9)
Using the system equations
T=y, y=-—u-2ey,

we can conclude that all the solutions to the damped linear oscillatory go
to zero as t — oo. This result can be easily checked since the exact solution
for Eq. (2.3.8) is

z(t) = Aje”“ cos {\/ 1—e’t+ (b} , (2.3.10)

where A; and ¢ are arbitrary constants.

2.3.2 Damped TNL Oscillator
Consider the following TNL oscillator differential equation
i 4 2t/3 = —ea® (i) (2.3.11)

The damping term for this case is more general than the form given in
Eq. (2.3.1), i.e.,

g(x) = g(z,@) = 2*(@)°. (2.3.12)
The W (x,y) function is
2
_ Y (3 e
W) =2+ (5) 2,

and the system equations are

T = Y, y — _131/3 — €x2y3, (2313)
Therefore
aw
E — ($1/3)y + y |:_$1/3 — €$2y3j| = —6{,[;2y4 S 0 (2314)

Since for € = 0, periodic solutions exist, then for e > 0, the solutions become
damped and oscillatory.
Figure 2.3.1 illustrates the generic cases for ¢ =0 and € > 0.
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AN

(b)

Fig. 2.3.1 &+ f(x) = —eg(x)z: (a) Periodic solutions for e = 0. (b) Damped oscillatory
solutions for € > 0.

2.3.3 Mizxzed-Damped TNL Oscillator

An example of a TNL oscillator having an interesting damping term is

i+ (1+ @)z =0. (2.3.15)
The damping is expressed by the term #z'/2. For this case the sign of the
damping depends on the sign of z!/3, i.e., comparison of Eq. (2.3.15) with
Egs. (2.3.1), (2.3.2), the g(x) for this particular equation is 2'/3.
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Inspection of Eq. (2.3.15) indicates that it is not invariant under t — —t
or x — —x, i.e., it is not invariant under time reversal or of odd-parity.
The system equations are

b=y, §=-(1+ya'? (2.3.16)

and the corresponding fixed-point is (Z,7) = (0,0).
The differential equation for the trajectories in phase-space is

dy (1+y)xt/3

=" 2.3.17
dx Y ’ ( )

and it is invariant only under the symmetry transformation
Siix— -z, y—uy. (2.3.18)

Since Eq. (2.3.17) is separable, it may be integrated to obtain the first-
integral,

y—In|l+y|+ (g) /= (g) AY3, (2.3.19)

where the initial conditions z(0) = A, #(0) = y(0) = 0, were used to
determine the constant of integration.

From Eq. (2.3.17), it follows that the null-clines are

y' = 0:yo(x) is the y-axis and the line y = —1.
y' = 00 : Yso(x) is the z-axis.
For this TNL oscillator, W(x,y) can be taken as
2 3
Wi(z,y) = % + (Z) a*/3, (2.3.20)

and from this follows the result
o >0, forax <0
W:—y%lm: 0, forz=0o0ry=0;
<0, forx>0.

Using all of the above information, the basic features of the phase-plane
can be determined and these results are displayed in Figure 2.3.2. Two
typical trajectories are shown in Figure 2.3.3. In summary, the solutions
to the mixed-damped TNL oscillator, expressed by Eq. (2.3.15), have the
following properties:

(i) For initial conditions
—o0o < z(0) < oo, y(0)>—1,

all the solutions, z(t) and y(t), are periodic.
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Fig. 2.3.2 Phase-plane for Eq. (2.3.15). The dashed lines are the yo(z) null-clines. The
solid line is the Yoo (z) null-cline.
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Fig. 2.3.3 Typical trajectories in the phase-plane for Eq. (2.3.17).

(i) y(t) = =1 or x(t) = x(0) — ¢, is an exact solution to the differential
equation.

(iii) If y(0) < —1, 2(0) arbitrary, then no periodic solutions can occur. These
solutions become unbounded and eventually lie in the third quadrant of
the phase-plane.

The general conclusion is that for a mixed-damped oscillator equation,
some solutions may be periodic, other not. The type of solution obtained
is dependent on the initial conditions.
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2.4 Resume

A TNL oscillator differential equation modeling a conservative system has
the form

Z+ f(x)=0, (2.4.1)
where f(z) contains one or more terms having the structure
ST (n,m) are int
xIMFL n,m) are integers;
fz) = (2.4.2)
|x|Psgn(z), p = real
The initial conditions are generally selected as
2(0) = A, (0)=0. (2.4.3)

In spite of the name, i.e., TNL oscillator differential equations, prior
arguments must be given to demonstrate that periodic solutions exist. The
work of this chapter indicates that two methods exist for carrying out this
task: the use of qualitative methods based on examining the geometrical
properties of the trajectories in the 2-dim phase-space, and the use of first-
integrals [4, 5, 15]. The first technique is more powerful since it may be
applied in all situations. In either case, the goal is to show that either all or
some of the trajectories in the phase-plane are closed. Since closed trajec-
tories correspond to periodic solutions, the existence of periodic solutions
is then established.

Related to the function f(z) is the potential function, V'(x), defined as

V(x)z/f(x)dx. (2.4.4)

The functions, f(z), appearing in this volume will generally have properties
such that if V'(0) exists, then V' (0) = 0, and V(z) is monotonic increasing.

Finally, after the task of demonstrating that periodic solutions exist, the
next step is to create or construct analytical techniques for calculating ap-
proximations to these solutions. The remainder of the volume is concerned
with this issue.

Problems

2.1 What are the system equations for the following TNL oscillator differ-
ential equations?

(i) i+z+a2/3=0
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(i) z 1132 =0

(iii) & + 23 = (1 — 2?)i
(iv) i+ 1 =0

(v) Z (1+a: + )2/ = 0.

2.2 Carry out a complete phase-plane analysis for each of the differential
equations given in problem 2.1. Which of these equations have potential
functions? If such functions exist, then calculate them and plot V(z)
VS .

2.3 Given a TNL oscillator equation, show (by an explicit example) that
invariance under ¢ — —t and * — —x does not imply that periodic
solutions exist.

2.4 Derive Eq. (2.2.12).

2.5 Reproduce the steps from Eq. (2.2.13) to Eq. (2.2.15).

2.6 For W(x,y), as given in Eq. (2.3.3), show that dW/dt < 0, implies the
result of Eq. (2.3.7).

2.7 Derive the properties of the phase-plane as shown in Figure 2.3.2 for
the mixed-damped TNL oscillator differential equation

i+ (1+ @)zl = 0.

2.8 For problem 2.7, show that x(t) = z¢ — ¢ is an exact solution.

2.9 For periodic solutions of the mixed-damped TNL oscillator, calculate
the locations of the two points of intersection of a closed trajectory
with the y-axis. Hint: Select the initial values z(0) = A > 0 and
%(0) = y(0) = 0, and apply the first-integral.

2.10 What is the potential function associated with

1
T+ ISYES =07

Show that all trajectories in the phase-plane are bounded.
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Chapter 3

Harmonic Balance

The method of harmonic balance provides a general technique for calcu-
lating approximations to the periodic solutions of differential equations. It
corresponds to a truncated Fourier series and allows for the systematic de-
termination of the coeflicients to the various harmonics and the angular
frequency. The significance of the method is that it may be applied to
differential equations for which the nonlinear terms are not small.

There are a number of formulations of the method of harmonic bal-
ance. Mickens’ book [1, Section 4.1], includes a list of some of the relevant
publications on this topic. A new approach, using a rational harmonic bal-
ance formulation, was introduced by Beléndez et al. [2]; they demonstrate
the utility of the procedure by applying it to several nonlinear oscillatory
systems. The mathematical foundations of harmonic balancing have been
investigated by several individuals. The works of Borges et al. [3], Miletta
[4], and Bobylev et al. [5] provide overviews to various issues concerning
convergence and error bounds for the approximations to the periodic solu-
tions.

In Section 3.1, we present the methodology for the direct harmonic bal-
ance procedure and demonstrate its use by applying it to several examples
of TNL oscillators in Section 3.2. Section 3.3 introduces a rational formu-
lation of harmonic balancing and this is followed by Section 3.4, in which
four TNL oscillators have approximations to their periodic solutions cal-
culated. Two third-order equations are studied in Section 3.5; they arise
in the investigation of stellar oscillations [6]. Finally, in Section 3.6, we
make general comments on and give a summary of the main features and
conclusions reached in this chapter.

43
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3.1 Direct Harmonic Balance: Methodology

The presentation in this section relies heavily on my previous work. In
particular, see Mickens [1, Section 4.2.2]; Mickens [7, 8]; and Mickens [9,
Section 8.8.1].

All of the TNL oscillator equations studied (except for those in Sec-
tion 3.5 can be written

F(x,&,i) =0, (3.1.1)
where F'(---) is of odd-parity, i.e.,
F(-g,—i, i) = —F(x, &, &). (3.1.2)

A major consequence of this property is that the corresponding Fourier
expansions of the periodic solutions only contain odd harmonics [10], i.e.,

x(t) = Z {Aj cos[(2k — 1)Qt] + By sin[(2k — 1)t} . (3.1.3)
k=1
The N-th order harmonic balance approximation to x(t) is the expression

N
en(t) = {AY cos[(2k — )Qnt] + BY sin[(2k — 1)Qnt]},  (3.14)
k=1
where (AY, BY,Qy) are approximations to (A, B, Q) for k =1,2,..., N.
For the case of a conservative oscillator, Eq. (3.3.1) generally takes the
form

i+ f(z,\) =0, (3.1.5)

where A\ denotes the various parameters appearing in f(z, A) and f(—x, \) =
—f(x, ). The following initial conditions are selected

2(0) = A, @(0)=0, (3.1.6)

and this has the consequence that only the cosine terms are needed in the
Fourier expansions, and therefore we have

N
wn(t) =Y A} cos|(2k — 1)Qt]. (3.1.7)

k=1
Observe that xn(t) has (N 4+ 1) unknowns, the N coefficients,
(AN AN . fl%) and Qp, the angular frequency. These quantities may

be calculated by carrying out the following steps:
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(1) Substitute Eq. (3.1.7) into Eq. (3.1.5), and expand the resulting
form into an expression that has the structure
N
> Hy cos[(2k — 1)Qyt] + HOH ~ 0, (3.1.8)
k=1
where the H,, are functions of the coefficients, the angular frequency, and
the parameters, i.e.,

Hy, = Hi, (AN, AY ... AN, QN N).

Note that in Eq. (3.1.8), we only retain as many harmonics in our ex-
pansion as initially occur in the assumed approximation to the periodic
solution.

(2) Set the functions Hy, to zero, i.e.,

Hy,=0, k=1,2,...,N. (3.1.9)

The action is justified because the cosine functions are linearly indepen-
dent and, as a result, any linear sum of them that is equal to zero must have
the property that the coefficients are all zero; see Mickens [9, pp. 221-222].

(3) Solve the N equations, see Eq. (3.1.9), for AY, AY ... AN and Qy,
in terms of AY.

Using the initial conditions, Eq. (3.1.6), we have for AY the relation

N
en(0) = A =AY+ AY(AY,N). (3.1.10)
k=2

An important point is that Eq. (3.1.9) will have many distinct solutions
and the “one” selected for a particular oscillator equation is that one for
which we have known a priori restrictions on the behavior of the approxi-
mations to the coefficients. However, as the worked examples in the next
section demonstrate, in general, no essential difficulties arise.

For nonconservative oscillators, where & appears to an “odd power,”
the calculation of approximations to periodic solutions follows a procedure
modified for the case of conservative oscillators presented above. Many of
these equations take the form

4 f(z, 1) = gz, 2, Ao, (3.1.11)

where

fl=z,\) = —f(z,\), g(—z,—i,\2) = g, &, N\a), (3.1.12)

and (A1, A2) denote the parameters appearing in f and g. For this type
of differential equation, a limit-cycle may exist and the initial conditions
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cannot, in general, be a priori specified [1, 11, 12]. (Limit-cycles correspond
to isolated closed curves in the phase-place; see [1, Appendix GJ.)
Harmonic balancing, for systems where limit-cycles may exist, uses the
following procedures:
(1) Take the N-th order approximation to the periodic solution to be
zn(t) = AY cos(Qnt)
N
+) " {AY cos[(2k — 1)Qnt] + BY sin[(2k — 1)Qnt]},  (3.1.13)
where the 2Nk uilknowns

AN AN, LAY o
Qn,BY,...,BY;
are to be determined.

(2) Substitute Eq. (3.1.13) into Eq. (3.1.11) and write the result as
N

> {Hi cos[(2k — 1)QNT] + L sin[(2k — 1)Qnt]} + HOH ~ 0, (3.1.15)

k=1
where the {Hy} and {L;}, k =1 to N, are functions of the 2N unknowns
listed in Eq. (3.1.14).

(3) Next equate the 2N functions { Hy, } and { L} to zero and solve them
for the (2N —1) amplitudes and the angular frequency. If a “valid” solution
exists, then it corresponds to a limit-cycle. In general, the amplitudes and
angular frequency will be expressed in terms of the parameters A; and As.

As stated earlier in this section, the method of harmonic balance may
give spurious solutions. Therefore, one should obtain prior knowledge from
the use of other procedures, such as a phase-plane analysis, to insure that
correct solutions are derived from the application of this method. Another
criterion is to require that the approximate Fourier coefficients satisfy rel-
evant bounds on their values as a function of their index label, k; see [1,
Section C.3].

3.2 Worked Examples

We illustrate the application and effectiveness of the direct harmonic bal-
ance method by using it to determine approximations to the periodic solu-
tion to five TNL oscillators. In each case, we calculate the second approx-
imation to demonstrate the technique. Higher order expressions merely
require more algebraic manipulations and effort.
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321 &+x3=0

We begin by calculating the first-order harmonic balance approximation to
the periodic solutions of

F+a®=0, x(0)=A4, #(0)=0. (3.2.1)
This approximation takes the form
x1(t) = Acos(Qt). (3.2.2)

Observe that this expression automatically satisfies the initial conditions.
Substituting Eq. (3.2.2) into Eq. (3.2.1) gives (6 = Qqt)

(—AQ3 cos ) + (Acosf)® ~0,
—(AQ?) cosf + A3 {(Z) cosf + (i) cos39] ~ 0,

A [—Q% + (%) AQ} cosf + HOH ~ 0.

Setting the coefficient of cosé to zero gives the first-approximation to the
angular frequency

Qy(A) = (§>1/2A, (3.2.3)

1/2
(g) At

The solution for the second-approximation takes the form (6 = Qat)

and

x1(t) = Acos . (3.2.4)

x2(t) = Aj cos + Ay cos 30 (3.2.5)
with
Fo(t) = —Q5( Ay cosd + 9A cos 36). (3.2.6)
Substituting Eq. (3.2.5) and Eq. (3.2.6) into Eq. (3.2.1) gives
Hy(Ay, As, Qo) cos + Ha(Aq, Az, Qo) cos 30 + HOH ~ 0,

meafor (- (a3, s

where
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1 3 3

Hy = —94,03 + <Z) A3 + <§> A3As + <Z> A3, (3.2.8)

Setting H; to zero, and defining z as

Ao
= — 3.2.9
=22, (3:2.9)
we obtain
1/2

0y = (Z) A1+ 24+ 22H)Y2 = Oy (1 4 2 4+ 2222, (3.2.10)

where € is that of Eq. (3.2.3). Inspection of Eq. (3.2.10) shows that the
second approximation for the angular frequency is a modification of the
first-approximation result.

If this value for Qs is substituted into Eq. (3.2.8) and this expression
is set to zero, and if the definition of z is used, then the following cubic
equation must be satisfied by z

512% + 2722 + 212 — 1 =0. (3.2.11)

There are three roots, but the one of interest should be real and have a
small magnitude, i.e.,

|z| < 1. (3.2.12)
This root is
z1 = 0.044818. . ., (3.2.13)

and implies that the amplitude, Ao, of the higher harmonic, i.e., the cos 36,
is less than 5% of the amplitude of the fundamental mode, cos#.
Therefore, the second harmonic balance approximation for Eq. (3.2.1)
is
x2(t) = Aq[cos O + z; cos 30)].
For the initial condition, z2(0) = A, we find
A

A=A1(14+2z) or A= = (0.9571)A. (3.2.14)
1 + Z1
Using this result in Eq. (3.2.10) gives
1/2 2\1/2
3 (1+ 21 +227)
Qa(A)= | = A = (0.8489) A. 3.2.15
()= () a2 (0.81489) (3:2.15)
The corresponding periods (T' = 27/Q) are
2r  7.2554 2r  7.4016
"h==—=——, Th=—-= 3.2.16
1 Ql A ; 2 QQ A ) ( )
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Texact = % ) (3.2.17)
and they have the following percentage errors
Ey (%) =2.2% Es (%) = 0.20% (3.2.18)
where
E = percentage error = ‘%‘ - 100. (3.2.19)

Since the differential equation Eq. (3.2.1) has the exact solution [1]
xz(t) = Acn (At; 1/\/5) ,

where “cn” is the Jacobi cosine function the ratio, As/A;, can be explicitly
calculated; its value is 0.045078. This should be compared to our value of
0.044818.

In summary, the second-order harmonic balance approximation for the
periodic solution of Eq. (3.2.1) is

za(t) = (1 f21> [cos(Qat) + 21 cos(3Q02t)], (3.2.20)

where z; and Q9 are given, respectively, in Egs. (3.2.13) and (3.2.15).

322 &+z1=0

The above differential equation was studied by Mickens [14] and occurs as
a model of certain phenomena in plasma physics [15]. Note that Acton
and Squire [15] give an elegant, but simple algebraic approximation to the
periodic solution of this equation

i+ é =0, z(0)=A, @(0)=0. (3.2.21)

The exact period can be calculated and its value is

1
d

Texact(A) = 2\/514/ 78

0 Y (3)

where the value of the integral is given in Gradshteyn and Ryzhik [16]. The

corresponding angular frequency is

221 1.2533141
Qexact(A) = 24 = A .

=221 A, (3.2.22)

(3.2.23)
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For the first-order harmonic balance, the solution is z1(t) = Acos#,
0 = Qqt. This calculation is best achieved if Eq. (3.2.21) is rewritten to the
form

wi+1=0. (3.2.24)
Substituting x;(¢) into this equation gives
(Acosf)(—Q2Acosf) + 1+ HOH ~ 0,

or

2 A2
[— (912’4 ) + 1] + HOH ~ 0. (3.2.25)

Therefore, in lowest order, the angular frequency is

V2 14142

WA =— = 3.2.26
The second harmonic balance approximation is
x2(t) = Ay cos@ + Az cos30, 60 = Qat. (3.2.27)

Substituting this expression into Eq. (3.2.24) gives
(Aq cos + Az cos 30)[—Q3(Ay cosf + 9A; cos 30)] + 1 ~ 0,

and on performing the required expansions, we obtain

2 2 2
[—Q% (%) + 1} -3 <%) cos 20 + HOH ~ 0.

Setting the constant term and the coefficient of cos 26 to zero gives

A3 + 943
-2 (%) +1=0, A?+104;4; =0, (3.2.28)
with the solutions
A 200
2 <10) T2 T 10942 (8:229)

Therefore,

2a(t) = A, {cos(ﬂgt) - (%) cos(3(22t)} ,

and requiring
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gives
10 1
xo(t) = <§) A [cos(Qgt) - (E) cos(3(22t)} ) (3.2.30)
with
o 200 (162) 1
2710943 \109) A2
or
1.2191138
Q(A) = ———. (3.2.31)
A
The percentage error is
‘M -100 = 2.7% error.
Qexact

Note that the first approximation gives
chact - Ql

Qex&ct

<100 = 12.8% error.

3.2.3 &+ x?sgn(x) =0

The quadratic oscillator is modeled by the equation

&+ x?sgn(x) = 0. (3.2.32)
To apply the harmonic balance method, we rewrite it to the form
(&)? = a*, (3.2.33)
using
[sgn(x)]? = 1.

For first-order harmonic balance, where x1(t) = Acosf, with 0 = Qqt,
we have

[—AQ? cos 0]? ~ [Acos6]*. (3.2.34)

(cos0)? = (%) + (%) cos 20,
ot = (2) 5 (2w (£ onit

Using
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we obtain from Eq. (3.2.34)

A0 3A4
( 5 1) ~ (T) + HOH, (3.2.35)
which gives the following result for €24
3\ 1/4
oM4) = (Z) A2, (3.2.36)

The reason we write le)(A), rather than Q(A4), is that a second version
of the simple harmonic balance approximation can be derived; see Sec-
tion 4.3.6 of [1] and [18].

Equation (3.2.32) can also be written

&+ |z|lx = 0. (3.2.37)
Using the result [18]
4 1 1 1
0l =|— = = 20 — | — 40 + - -
o= (2)[(3) + (5) o= (55) enoe |
then the first harmonic balance approximation becomes

[ @]° 2
— | ] Acosf + A% cosf]cosf ~ 0,

or
2
{— [Qf")} + i—A} Acos + HOH ~ 0, (3.2.38)
T
Setting the coefficient of cosf to zero gives
g\ /2
0P (4) = (3—) A2 (3.2.39)
™

For comparison, we have
QM(4) = (0.93060...)AY2, QP (A4) = (0.92131...)A2.  (3.2.40)

To calculate the second-order harmonic balance solution, we use
Eq. (3.2.33) and take

x2(t) = Ay cosf + Ay cos 36.

If we define
Ay
== 241
=22, (3.2.41)
then
x2(t) = Aq[cos @ + z cos 30, (3.2.42)
Fo(t) = —Q3A1[cos O + 9z cos 30).
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A straightforward, but long calculation gives
2
= [0) () Q)+ (0)
+ A} [(%) + <g) z+ (g) 22+ (g) 23} cos 20

+ HOH. (3.2.44)

(#2)* = (%> [(1+812%) + (1 + 182) cos26 + HOH] , (3.2.43)

Harmonic balancing, i.e., equating the coeflicients of the constant and cos 26
terms in the last two equations, gives

(932‘4%) (1+812%) = Kg) + (%) z+ (g) 2+ (g) 24} Al (3.2.45)
<%> (1+182) = K%) + (g) Z4 <g> 22+ <g> z?’] At (3.2.46)

Dividing these two expressions and simplifying the resulting expression
yields a single equation for z,

(243)2° + (%) 2% 4+ (192)23 + (63)22 — (?) z+ i =0. (3.247)

The smallest (in magnitude) real root is
2 = 0.025627. (3.2.48)
If Eq. (3.2.45) is solved for Qg, the following result is obtained

o= ()]

Since z(0) = A = A;(1 + z), we have

i ={(5)
(3.2.50)

In summary, the harmonic balance approximation for the periodic so-
lution to the quadratic oscillator is

2a(t) = <1+iz> [cos(Qat) + 2 cos(3Q0t)], (3.2.51)

where z and Q5(A) have the values, respectively, given in Egs. (3.2.48) and
(3.2.50).

1/4
1—1—(%)2—1—4224—2’4
1481z

(3.2.49)

1+(%)z+4z2+z4
1422+ 22

1/4
} A2 = (0.927244) A2
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3.24 F+2/3=0
The “cube-root” oscillator
i4+a2Y?=0, z(00)=A4, (0)=0, (3.2.52)

was one of the first TNL oscillator equations to be investigated [19-21]. Tts
period can be calculated exactly [21].

The system equations for this oscillator are
dx dy 1/3
B A 3.2.53
il T A ( )
and the differential equation for the trajectories in the phase-plane, (z,y),
is
d 1/3
YT (3.2.54)
dx Y

and therefore a first-integral is

2
Yo (3 a3 43
ot (4> 213 = (4 AY/3, (3.2.55)

From this the period of the oscillation can be determined by the following
relation [1, 21]

With the change of variable, z = Aw3/2, we find after some simplification

T(4) = (2v5) 9%, (3.2.57)

¢ = / N arveR— 1+w = (3.2.58)

Using Gradshteyn and Ryzhik [16], see Section 3.14 (formula 10), ¢ is

a3 ) f<7>

where “F” and “E” are, respectively, complete elliptic integrals of the first
and second kinds [9, 16]. Using these results gives for the angular frequency
the expression

where

1.070451

chact (A) - W B (3259)

where Q(A)T(A) = 2.
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There are several ways in which a first-order harmonic balance approx-
imation can be constructed. First, xz1(t) = Acos6, 0§ = le)t, can be used
in the equation

i+l = 0,
to give
[—(le))QA cos 9} + (Acos )/ ~ 0. (3.2.60)
Using [9]
(cos0)Y? = ay cos§ + HOH, a; = 1.15959526, (3.2.61)

Eq. (3.2.60) becomes
[—(le))QA + Al/?’al} cosf + HOH ~ 0,

and, for le), we obtain

_ yar  1.076844

TOAL/3 T AL/B
A second way to obtain a first-order harmonic balance approximation

is to rewrite the differential equation to the following form

(i)* +x =0. (3.2.63)

o (3.2.62)

Substituting x1(t) = Acos@, 0 = Qf)t, into this equation gives
{—((252))2/1 cos 9} ’ + Acost ~0,
and
A [1 - (Z) AQ(Q?))"} cosf + HOH ~ 0.

Therefore, for this case, the angular frequency is

1/6
@ (4 1\ 1049115
o= (1) () - B

Comparing le)(A) and 952) with Qexact, we obtain the following values
for the percentage errors

EY = 0.6% error, E® =2.0% error. (3.2.65)
Also observe that
Q7 (4) < Qexace(4) < Q1Y (4). (3.2.66)



56 Truly Nonlinear Oscillators

We now apply the second-order harmonic balance method to the cube-
root equation expressed in the form of Eq. (3.2.63). For this case

x2(t) = Aq[cos @ + z cos 30,
where 6 = Qst, and A = zA;. Note that the second derivative is
Fo(t) = —(Q2)? Alcos 6 + 9z cos 36).

Substituting these two relations in Eq. (3.2.63) gives, after some algebraic
and trigonometric simplification, the expression

e |(5) + () =+ () 7] - oo
osat (1) (27) s () o oo
+ HOH ~ 0. (3.2.67)

Setting the coefficients of cos# and cos 36 to zero yields the following alge-
braic equations to be solved for z and €5,

3 27 243
642 |(2 af 239\ 2| _
(Qg)Al[(4>+<4)z+(2)z} 1,
1 27 2187
Dividing the two expressions gives a cubic equation to be solved for z, i.e.,
(1701)2° — (27)2* + (51)z + 1 = 0. (3.2.68)
The smallest (in magnitude) real root of this equation is

2= —0.019178. (3.2.69)

Since A; = A/(1+z), the first equation allows the evaluation of the angular
frequency, i.e.,

Qa(A) =

1/6

1422 + 22 1 1.063410

tzte )2] ( )— (3.2.70)
z

3 27 243
(3)+(F) =+ (3 AL AL/
The percentage error in comparison with the exact value, Qexact(4), is

E; = 0.7% error. (3.2.71)

Table 3.2.1 provides a summary of the results on Q(A). As expected,
second-order harmonic balance provides an improved value for the angular
frequency in comparison with its associated first-order calculation.
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Table 3.2.1 Values for AY/3Q(A).
Differential Equation HB-1+ HB-21t+

i+a2l/3=0 1.076844 NA
()3 +2=0 1.049115 | 1.063410

+First-order harmonic balance.
++Second-order harmonic balance.
Al/Schact (A) = 1.070451.

3.25 &+x1/3 =0 [22

The above equation is the inverse-cube-root (ICR) oscillator and has several
interesting features. Our goal is to present a complete discussion of this
equation based on its known properties.
The two first-order system equations, corresponding to the ICR oscilla-
tor
T+ Py 0, z(0)=A4, (0)=0, (3.2.72)

are
1

T=Y, Y= (3.2.73)
Note that these equations do not have any fixed points (constant solutions)
in the finite (z,y) phase-plane.
The trajectories in the phase-plane, y = y(z), are solutions to the fol-
lowing first-order differential equation

dy 1
< — _ 3.2.74
dx /3y’ ( )
and this separable equation can be solved to give a first-integral for
Eq. (3.2.72)
2
Yo (3N s (3 a2
5 +(2>x —(2 A2, (3.2.75)

Inspection of Eq. (3.2.74) shows that the trajectory differential equation
is invariant under the transformations Sy, S, and S3 where

Si:x— —x, y—uy,
Syix—x, y— —y, (3.2.76)
Ss:ix— —x, y— —y.

Further examination of Eq. (3.2.74) indicates that there is only one null-

cline, the one for which trajectories cross it with infinite slope. This null-
cline, yoo(z) consists of two segments and they coincide with the z and
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y axes. As a consequence of this result, the phase-plane has four open
domains, with the x and y axes being the boundaries. See Figure 3.2.1 for
a representation of the phase-plane; the (4)/(—) denote the “sign” of dy/dx
in the indicated open domain. Of critical importance is that the slope of
the trajectory is infinite whenever the trajectory crosses a coordinate axis.
The analytical expression of this trajectory curve is Eq. (3.2.75).

rY
© O
H{HHHHjDH{HHHHw
- @
()
t
(0,v/3A1/3)
(—4,0) (4,0) "
(07_\/§A1/3)
(b)

Fig. 3.2.1 (a) Phase-plane for & + 2~1/3 = 0. Vertical dashes denote the infinite null-
cline, Yoo (z). (b) Trajectory passing through z(0) = A and y(0) = 0.

Since all of the trajectories are closed curves, then all solutions to the
ICR differential equations are periodic.

An exact expression can be calculated for the period. To begin, the
following relation holds for trajectories in the fourth quadrant,

N T (3.2.77)

=z ==
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and this can be rewritten to the differential form

1 dx
dt=—| —= ) —m—— .
V3 ) \/A2/3 Z 4273
Based on the symmetry transformations of Eq. (3.2.74) and an examination
of Figure 3.2.1(b), it follows that

T/4 1 0 da
dt = — | — _— 3.2.78
/0 (\/3) /A A2/ _ g2/ ( )

where T' = T(A) is the period of the oscillation. Replacing = by Az,
Eq. (3.2.78) becomes

T(A) = (3.2.79)

(5) " | o=

change, the integral becomes

/01 w% - ( )/ o = (—) (%%) (3.2.80)

where B(p, q) is the beta function [9]. Now B (3,3) = %, and therefore
T(A) = V3rA*/3

2 4/ 1 1.1547005
Qexact(A) = T(A) \/; (A2/3) =—s (3.2.81)

First-order harmonic balance solutions may be calculated by using one
or the other of the equations

For u = 22/3

or

Bg4+1=0
TrE+l=0 (3.2.82)
z(@)*+1=0.
For z1(t) = Acosf, 0 = Qit, we obtain, respectively, the results
1/2
W oo (2 1\ 13132934
= (2) () g
1/6
@, (8 1\ 11775918
07 (A) = (5) (A2/3> = (3.2.84)

where a7 = 1.159595266 .. . ..
Comparing these expressions for 2(A) to the exact value, the following
percentage errors are found

B = 13.7% error, E® =2.0% error, (3.2.85)
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and
Qesanct (4) < 2P (4) < 2P (A). (3.2.86)
The second-order harmonic balance method can only be applied to the
second member of Eq. (3.2.82)
z(#)* +1=0.
For this case

x2(t) = Aq(cos @ + z cos 30),
Fa(t) = —Q3 A1 (cosf + 9z cos 30),

N3

where 0 = Qot and As = zA;. From these expressions x(%)® can be cal-

culated and we find upon substituting into the differential equation the

result
oz al) [(2E2)] 4 o [P B0 g
+ HOH ~ 0, (3.2.87)
where

() (- (B)- (20)
n=(5)=

Harmonic balancing gives

—(Q2)3 4% (*fl +22f2) +1=0, (3.2.88)
—(02)2 A [(fl + Qf;)(l + Z)} —0. (3.2.89)

The second equation allows the determination of z since it can be written

(fi+fo)Q+2)= [G) + <%> z] (1+2)=0,

and the smallest magnitude root is

3
z=— (ﬁ) = —0.00292397 .. .. (3.2.90)

as
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We can now solve Eq. (3.2.88) for §23 to obtain

i - 2 1
ClmrEysrEme A
and
1.190568
Ay
Since Ay = A/(1 + z), we have
1.190568 1.188246

0(A) = [W} (14 2)%3 = —E (3.2.92)

Therefore, in comparison to Qexact(A4), the percentage error is
By = 2.9%. (3.2.93)

From Egs. (3.2.85) and (3.2.93), we learn that the percentage error for the
angular frequency is slightly larger for the second-order harmonic balance
approximation in comparison to a first-order calculation.

In summary, the second-order method of harmonic balance gives the
following answer for the periodic solution of the ICR oscillator

a(t) = <%> A{cos[QQ(A)t] - (W‘O’%) cos[392(A)t]}. (3.2.94)

3.3 Rational Approximations [23, 24]

A useful alternative procedure for calculating a second-order harmonic bal-
ance approximation is the rational approximation. This technique was in-
troduced by Mickens [23] and has been extended in its applications by
Beléndez et al. [2]. A major advantage of the rational approximation is
that it gives an implicit inclusion of all the harmonics contributing to the
periodic solutions. This rational form is given by the expression

0 Aqcosf
z(t) = ————
14+ Bycos20’

where (A1, B1,§4) are, for the moment, unknown constants. For a partic-
ular application, they are determined as functions of the initial conditions
and the mathematical structure of the oscillatory differential equation.

In this section, we enumerate several of the properties associated with
Eq. (3.3.1).

0= Oyt (3.3.1)
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3.3.1 Fourier Expansion [24]

The right-hand side of Eq. (3.3.1) is periodic in the variable 6 with period
2. Further, it has the Fourier representation [23]

x(t) = Z ay cos(2k + 1)6, (3.3.2)
k=1
where the coefficients may be calculated from the expression [9]
1 [7 Aqcosf
== _— 2k 4+ 1)6 de. 3.
a W/ﬂ{l—i—Blcos%}cos( +1) (3.3.3)

The integral can be evaluated using
/,, cos(ng)dg  w(-1)" [1-vI=52]"
o l+bcosep 1—0b2 b ’
provided |b| < 1; see [16, p. 366, Eq. (3.613.1)]. Using this result, it may
be shown that the aj, are given by the formula [24]

k
(-1*A [1-1-B2| [Bi—-1+/1-B?
aj, = : (3.3.4)
V1 - B? By By
for
|B;| < 1. (3.3.5)

Note that the result in Eq. (3.3.1) is not meaningful unless the condition
of Eq. (3.3.5) holds. Inspection of Eq. (3.3.4) shows that it provides a full
characterization of the Fourier coefficients of the rational harmonic balance
representation as given in Eq. (3.3.1).

3.3.2 Properties of ag

If we assume that
|B1] < 1, (3.3.6)
then Eq. (3.3.4) can be written

—1)kde=% 0< B« 1,
ap = (=1)"Ae (3.3.7)
Ae—ak, 0<(-B)<1,
where “a” is
B
o= 1Bl (3.3.8)

This last result implies that the Fourier coefficients for the rational har-
monic balance approximation decrease exponentially in the index k.

In summary, Eq. (3.3.1) provides an approximation to all of the har-
monics for the exact solution, and the coefficients decrease exponentially
[23, 24].
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3.3.3 Calculation of &

In calculations involving the rational harmonic balance approximation, the
second derivative is required to be evaluated. Starting with
Aqcosf
()= ————, 0=t
®) 14 Bjcos20’ t

it follows that Z is

(1 + By cos20)%is = —(Q%Al){ [1 + By — (1—21> 312] cos

+ 3B [3TBl - 1} cos 360 + HOH}. (3.3.9)

This formula will be of value for the calculations to be completed in the
next section.

3.4 Worked Examples

To illustrate the utility of the rational harmonic balance formulation, this
section contains details of the calculations for three TNL oscillator differ-
ential equations. This task, in each case, is to determine Ay, By, and )y,
in terms of the initial conditions.

34.1 &+4+x22=0

We begin by observing that
3

3,3 3 3AY A}
(14 Bycos20)°x” = (Ajcosh)” = e cosf + - ) cos 360. (3.4.1)
Using this result and Eq. (3.3.9), it follows that
i+a®=0 (3.4.2)

can be written as
11 A3
{—(QfAl) [1 + By — <7) Bf] + 34—1} cos

B A3
+ {—(Q%Al)(?»Bl) F’Tl - 1] + Tl} cos 30 + HOH. (3.4.3)

Setting the coeflicients of cos# and cos 36 to zero gives

Q2 [1 + B — (%) B%] = (2) AZ, (3.4.4)
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3B A2

Q2(3By) |22 1| = 2L (3.4.5)
4 4

A separate equation involving only By can be found by dividing these equa-

tions; doing so gives the result

L+B— () Bt _

=3,
35: [ — 1]
or
49
(Z) B? —10B; —1=0, (3.4.6)
and the root having the smallest magnitude is
By = —0.090064. (3.4.7)

If Eq. (3.4.4) is solved for Q% then
3 11
Q2 = <Z> Af/ {1 + By — <7> Bf} = (0.866728) A3 (3.4.8)

Q; = (0.930982) A;.
However, for 2(0) = A and #(0) = 0, it follows that

or

Ay
A =
1+ DB
or
A = (14 By)A.
Therefore,
Q1(A) = (0.930982)(1 + B1)A = (0.847134) A, (3.4.9)
and the corresponding period is
2m 7.4170
Ti(A) = = . 4.1
Since the exact period is
7.4163
Toxac A)=—— ’
() = 2
the percentage error is
Texact — T°
%1 -100 = 0.01% error. (3.4.11)
exact

This calculation indicates that the rational harmonic balance representa-
tions give excellent estimates for the angular frequency and period. There-
fore, we have for this approximation the result
o(t) = (0.909936) A cos[(0.847134) At] '
1 — (0.090064) cos[(1.694268) At]

(3.4.12)
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3.4.2 &+ x2sgn(z) = 0 [25]
The quadratic TNL oscillator can be written in either of the forms

{:'c' + x%sgn(x) = 0,

(3.4.13)
i+ |zl =0,

with initial conditions, z(0) = A, and ¢(0) = 0, holding for each equation.
With the rational representation
Aqcosf
)= ——+——, 0=0t
z(t) 14 Bjcos20’ 1’

then
A cos |
O v
1+ Bjcos26
and we need to find an expression for the Fourier expansion of | cosf|. An
easy and direct calculation gives

4 1 1 1
|cos O] = (;) [(§> + (5) cos 26 — (ﬁ) cos46 + - - ] . (34.15)
8A2 3B
3 _ 1 L
(14 Bj cos26) |x|x—<3ﬂ_){{1+ 7 ]cosb‘

+ <l> [1 + 17;91] cos39+HOH}. (3.4.16)

(3.4.14)

and

5

Substituting Egs. (3.3.9) and (3.4.16) into the second of Egs. (3.4.13), and
equating to zero, the coefficients of the resulting expressions in cosf and
cos 30, gives

8A? 3B 11
(3—;> {1 + Tl] =034 {1 + B — <7) Bf] : (3.4.17)

<%) [1 + <¥) Bl] =074, K%) B} — 331] . (3.4.18)

To obtain an equation for B;, divide these two equations to obtain, after
simplification, the expression

563 169 129
(2—8) B} + (H) B} - (7> By —1=0, (3.4.19)

which has as its smallest magnitude root

By = —0.052609. (3.4.20)
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With this By, Q2 can be found from Eq. (3.4.18)

8 1+ (17)B1

Q= (—) | l—| AL 3.4.21
! (157r> () B2-3B, | ( )

Since Ay = (14 B1)A, we have

8 1+ (¥) B A
Q3 (A T 3.4.22
(4) = <157r) (0) B2 3B, <1+Bl)’ (3422)
and

Q1(A) = (0.95272) A2, (3.4.23)

Substituting these quantities into x(t), we obtain the following expression

(0.9474) A cos[(0.9527) A/ %]

t) = . 3.4.24
(1) = T =10.0526) cos[(1.9054) 41721 (3.4.24)
343 di+xz1=0
This TNL oscillator equation can be written as
xZ+1=0. (3.4.25)

Substituting the rational approximations for z and # gives

A cosb 11
—_ (02 sy _ (22 B2
(Q7A1) {(1—1—3100529)4}{[14_31 <2>Bl]cos6‘

+3B; [% - 1] cos 30 + HOH} +1~0, (3.4.26)

(9242 (cos 9){ [1 LB - (1—21> Bf] cos

+ 3B, [% — 1} cos 360 + HOH}

+ (14 By cos20)* + HOH ~ 0. (3.4.27)

Expanding (cos #)? and cos § cos 30 in the big-bracketed expressions gives

- (Q§A§>{ <%> {1 e <121) BQ}



Harmonic Balance 67

1 13
+ (§> {1 —2B; — (Z) B%] cos 20 + HOH}.
Likewise, expanding (1 + By cos 26)* gives
1+ By cos20)* = |14 3B% + 3 Bl| 4+ [B1(4 4 3B?)] cos 260 + HOH.
1 ] 1 1

Setting the coefficients of the constant and cos 26 to zero gives
1 11 3
Q2 A2 <§> {1 + By — <7) Bﬂ =1+3B7 + <§> B, (3.4.28)

1 13
02 A2 <§> {1 —2B; — <Z) Bf] = By + (44 3B}). (3.4.29)

Dividing the two equations gives

39 63 51
<§) BY — (Z) B} + (I) B} — (13)B3

17
+ (Z) B} +6B; —1=0, (3.4.30)
and the smallest, in magnitude, root is
By = 0.15662. (3.4.31)
If Eq. (3.4.28) is solved for Q% and A; is replaced by A(1 + Bj), then
0 1+3B7 + (2) B 1
! 1+ B — (L) B2 | (1+B1)242
and therefore
1.25350
0(A) = 1 (3.4.32)
The percentage error, in comparison with the exact solution [14]
1.25331
Qexact(A) = A
is
Qex& - Q
’% -100 = 0.015% error. (3.4.33)
exact

3.5 Third-Order Equations

Nonlinear, third-order differential equations may be used to model various
physical phenomena. Particular cases include stellar oscillations [6, 26],
and third-order mechanical oscillators [27, 28]. This section gives a brief
discussion of the Castor model [6] and several related TNL generalizations.
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3.5.1 Castor Model
The Castor Model is

i+ @ +e(z—a%)=0. (3.5.1)
The corresponding three system equations are
dx dy dz
Tev Gmn Tecymde-d) =00 352)

they describe the motion along trajectories in a three-dimensional phase-
space (x,y, z). This system has three fixed points or equilibrium solutions

(@(1)7 5(1)7 5(1)) — (_17 07 0)7
(2®,5%,2®) = (0,0,0), (3.5.3)
@, 5%, 2%) = (+1,0,0).
However, only the second fixed point is physically relevant to the under-
standing of stellar oscillations [26].
Assume that a first-order harmonic balance procedure may be applied

to the Castor model, i.e., we take the approximation to the periodic solution
to be

x(t) ~ Acos(), (3.5.4)

where, for the moment, A and €2 are unknown parameters. Substitution of
this expression into Eq. (3.5.1) gives, for § = Qt, the result

(P Asind) + (—QAsind) + e[Acosf — (Acos0)®] ~ 0

and
AQ(Q? —1)sinf + €A [1 - <%> A2] cos) + HOH ~ 0. (3.5.5)
Setting the coeflicients of sinf and cos @ to zero gives
AQ(Q2—1)=0, A [1 — (Z) A2] =0. (3.5.6)
If A = 0, then z(t) = 0 and this is the equilibrium solution
(5@ 2(2)) = (0,0,0). For A # 0, it follows that
Q=1, A= g (3.5.7)

and

x(t) ~ \/g cost. (3.5.8)

Observe that this has a definite amplitude and angular frequency. It is a
limit-cycle [1, 6, 28] solution for the Castor model.
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3.5.2 TNL Castor Models

The following four equations are generalizations of the Castor model to
include TNL functions

T+ i+ e(x'? —a”) =0, (3.5.9
¥ 4@+ ezt —z) =0, (3.5.10
¥4+ i 4 e(x? —x) =0, (3.5.11
T+ (i) 2sgn(x) + e(x/? — ) = 0. (3.5.12

We now construct a first-order harmonic balance approximation to the so-
lution of Eq. (3.5.11). Starting with

x(t) ~ Acosl, 0=,
we obtain upon substitution the result

Q3 Asind + (—QAsinh)/3 4+ € [(Acos )3 — Acos 9} ~0. (3.5.13)

Using
(cos0)Y/3 = a; cos + HOH,
(sin )3 = a; sinf + HOH, (3.5.14)
a; = 1.159595. . .,

see Mickens [9, Section 2.7], we find for Eq. (3.5.13) the result
[QPA — QY3AY34,]sinf + [AY3a; — Al cosf + HOH ~ 0,
which can be rewritten to the form
(QY3AYHOP3AY3 — 4] sin 0 + eAY3[a; — A?/3) + HOH ~ 0. (3.5.15)
Harmonic balancing this expression gives

Q1/3A1/3[Qs/3A2/3 —a] =0,

A3lay — A =0

with the nontrivial solution
A=(a1)*?, Q=1 (3.5.16)

Therefore, Eq. (3.5.11) has a limit-cycle and the approximation to this
periodic solution is

z(t) ~ (a1)*? cost. (3.5.17)
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3.6 Resume

We end this chapter by listing several advantages and disadvantages of the
harmonic balance method, especially as it relates to the calculating approx-
imations to the periodic solutions of TNL oscillator differential equations.

3.6.1 Advantages

Harmonic balancing can be applied to both standard and TNL oscilla-
tor equations.

It is easy and straightforward to formulate the functional forms for
approximating the periodic solutions.

For certain equations a first-order calculation can provide very “accu-
rate” results, especially as measured in terms of the percentage error
for the angular frequency, 2.

Generally, both first- and second-order harmonic balance approxima-
tions can be done by hand, i.e., the associated mathematical work does
not require the use of packaged software.

Standard harmonic balancing methods are based on trigonometric func-
tions. However, it is possible to formulate these procedures using any
complete set of periodic functions; examples of such functions are the
Jacobi elliptic functions [29-31].

3.6.2 Disadvantages

TNL oscillator differential equations containing terms raised to a frac-
tional power or terms that have discontinuities may have to be rewritten
to a form suitable for the application of harmonic balancing methods.
Currently, no a priori procedures exist for determining which modified
equation structure to use for a particular TNL equation.

Calculating the amplitudes and the angular frequency may become al-
gebraically intensive.

It is a priori difficult to predict for a given TNL equation whether
a first-order harmonic balance calculation will provide a sufficiently
accurate approximation to the periodic solutions.

Existing formulations of the harmonic balance procedure do not allow it
to be applied to non-conservative oscillators. These types of oscillators
have solutions involving transient behaviors [1, 11, 12, 28].
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Problems

3.1

3.2

3.3

3.4

3.5

3.6

3.7

3.8
3.9

3.10

Construct a third-order harmonic balance approximation for the TNL
oscillator equation

i+a®=0.
Equation (3.2.11) gives the cubic equation
512° +272° + 212 — 1 =0.

Give reasons to justify why z ~ 1/21 is expected to be close in value
to the smallest magnitude solution of the cubic equation. Can you
generalize this result? See also Eqgs. (3.2.47) and (3.2.48).

Provide reasons why the percentage error is a better gauge of
the “error” rather than the absolute error, i.e., |(exact value) —
(calculated value).

Evaluate the integral appearing in Eq. (3.2.22), i.e.,

/1 ds
Are the two differential equations
i+ax'/? =0, (£)3 + 2 =0,

mathematically equivalent? Explain your answer.
Calculate the Fourier series for | cosf| and use this result to obtain the
Fourier series of |sin ).
Determine the Fourier expansion for

1

cos 6

and use this result to calculate a first-order harmonic balance approxi-
mation to the periodic solution of

1
i+—=0.
X

Derive the expression for ¢, Eq. (3.2.58), from Eq. (3.2.56).
Show that the expression, given in Eq. (3.2.75), is a closed curve in the
(z,y) phase-space.
The rational harmonic balance discussed in Section 3.3 contains only
cosine terms. Are there circumstances in which the form

o(t) = A co§ 0

1+ B sin26

might be useful?
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3.11

3.12
3.13
3.14
3.15

3.16

Truly Nonlinear Oscillators

In Eq. (3.3.1) and in Problem 3.10, what are the physical and mathe-
matical reasons for expecting |B1| < 17 What happens if this condition
does not hold?

Derive Eq. (3.3.4).

Derive the results given by the expression in Eq. (3.3.9).

Explain why the result for |x(t)| is correct in Eq. (3.4.14).

Construct a rational harmonic balance approximation to the periodic
solution of

i+ 23 =0.

Calculate first-order harmonic balance solutions for Egs. (3.5.9),
(3.5.10), and (3.5.12).
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Chapter 4

Parameter Expansions

4.1 Introduction

The parameter “insertion” and “expansion” methodology was introduced
in a paper by Senator and Bapat [1]. Subsequently, it was extended in a
publication of Mickens [2]. However, the full generalization of this concept
was done by He [3]. Under his direction this method has been applied to
a variety of equations in many areas where nonlinear differential equations
model interesting and important physical and engineering phenomena. The
excellent review paper by He [4] gives a broad overview of this technique.

In broad terms, the parameter expansion methodology consists of the
following steps:

(1) First, a parameter p is introduced, where
0<p<l, (4.1.1)

and the original differential equation is rewritten to a form such that
for p = 1, the original equation is recovered.

(2) Second, the dependent variable and one or more of its “constants” are
expanded in a series involving powers of the parameter and the rewrit-
ten equation is then solved for 0 < p < 1 using standard perturbation
methods. This approximation to the solution of the rewritten equation
will be denoted by z(p, t).

(3) Finally, the function z(p,t) is evaluated at p = 1 and this is taken as a
valid approximation for the solution of the original equation.

In principle, the parameter expansion procedure may be applied to any
class of mathematical equations, although, in practice, its use has been lim-
ited to nonlinear differential equations. In the following section we demon-

75



76 Truly Nonlinear Oscillators

strate by means of several worked examples the actual application of this
technique.

4.2 Worked Examples

[1yeebi

In the following five examples, we will first obtain the “p” expansion equa-
tions and solve them under the assumption that p is small, i.e., 0 < p < 1.
From that point on, the final value, p = 1, will be used for the remainder
of the calculation. For all of these calculations, it will be assumed that the
initial conditions are

2(0) = A, (0) = 0. (4.2.1)

421 #4+22=0
This TNL, second-order differential equation
i+a®=0 (4.2.2)
contains no linear term in . However, let us consider the following equation
i+0-x+px® =0, (4.2.3)
and “p-expand” the constant zero [5] and the solution, i.e.,

0=0%+pws +--, (4.2.4)
r=x0+pr1+---, (4.2.5)

where 92, wy, xo, and x; are to be determined. Note that when p = 1,
Eq. (4.2.3) reduces to Eq. (4.2.2). Substitution of Eqs. (4.2.4) and (4.2.5)
into Eq. (4.2.3) gives

(i +piy 4+ )+ (2 +pwr + - )(xo +pry +---)

If the terms of order p° and p are collected together and equated to zero,
we obtain
p i+ Q%20 =0, 20(0) = A, @(0)=0; (4.2.7)

P+ Q2JJ1 = —Ww1xo — $g, LL‘l(O) =0, 1'1(0) =0.
The solution for xg is

xo(t) = Acosf, 6= Qt, (4.2.9)
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and the substitution of this into Eq. (4.2.8) gives
# 4+ Q%) = —w1 Acosf — (Acosh)?

3A2 A3
=-A [wl + T} cosf — (I) cos 30. (4.2.10)
The elimination of secular terms requires that the following condition is
satisfied
342 342
To first-order in p, with p set to one, Eq. (4.2.4) gives
AQ
0= —w = 3T . (4.2.11)
Therefore, x1(t) is the solution to the differential equation
A3
# 4+ Q% = — (T) cos 30, (4.2.12)
where
3\ 1/2
21(0) =0, #1(0)=0, 0=Qt= (Z) At. (4.2.13)

The particular solution to Eq. (4.2.12) is [6]
xgp) (t) = C cos 36,

where, upon substitution into Eq. (4.2.12), we obtain

A3
or
A3 A3 A
C = = =—. (4.2.14)
2 A?
3200 (32) (3¢-) 24
Thus, the general solution for x4 (t) is
A
x1(t) = Dcosf + <—> cos 36
24
and with x1(0) = 0, it follows that D = —A/24 and
A
x1(t) = — (ﬂ) (cos @ — cos 30). (4.2.15)
Therefore, the p-parameter solution, to order-one, with p = 1, for

Eq. (4.2.2) is
x(t) = zo(t) + x1(t) = Acosl — (%) (cos — cos 30)

= a{ ()| (3) ]+ (3) e p (3)

or

} |

(4.2.16)
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422 F+x1=0

This TNL oscillator equation

1
z+— =0, (4.2.17)
T
can be rewritten to the form
2%+ 2 =0. (4.2.18)

Within the p-expansion formulation, we start with the expression [4]
0-&+1-2+pr?i =0, (4.2.19)
where to first-order in p
O0=1+4pby+---,
1= O 4 pay 4 (4.2.20)
T =x0+pr1+---.

Substituting the terms of Eq. (4.2.20) into Eq. (4.2.19), collecting together
the quantities of powers p° and p, and setting them to zero, gives

io+ Q%xo =0, x0(0)=A4, 30(0)=0, (4.2.21)
#1 4+ Qw4+ 017 + a120 + Gord =0, 21(0) =0, #1(0) =0. (4.2.22)
Absence of secular terms in the solution for x;(t) requires that
3
—b10Q% + a3 — (Z) A?Q% = 0. (4.2.23)

Note that we used zo(t) = Acosf, § = Qt, for the appropriate terms in
Eq. (4.2.22). To first-order in p, with p = 1, we have, from Eq. (4.2.20)

QP +a =1, b =-1 (4.2.24)
Therefore,
4 1
2 _ — R
o= (3) (=)
or
ANV? 1 1.1547
o= (1) (2) -1 w2

a value with a percentage error of 7.9% in comparison with the exact value

T\ /2 1 1.2533
Qex&ct = (5) -

A A
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The full solution for zy(t) is

21(t) = (?—D (cos @ — cos 36),

and z(t) is, for p =1,

(t)
= Acosf + ( ) (cos O — cos 30)
A2

A
_A<1+§>cost9—<32)cos30
N2t
0=Qt= |- — .
() (%)

with

An alternative form for the starting equation is
i4+0-z+p(i)® =0,
with
T =xo+pr1i+---,
{0:(22—1—]9(11—1----
For this formulation, we obtain

Fo+ Q%o =0, x0(0)=A4, i0(0)=0;

2 3
i = 0% = [al + (3A ) 94} Acosf + (AI) 0% cos 36,

4
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(4.2.26)

(4.2.27)

(4.2.28)

(4.2.29)

(4.2.30)

(4.2.31)

(4.2.32)

where in the expression for z;(t), we used z¢g = A cos(§2t). The absence of

secular terms in the solution for x;(t) requires

2
a1+<3f )94_0

To first-order in the p-expansion, it follows from Eq. (4.2.30) that

a; = —92.

Combining the latter two equations gives

4\ 1
2 _ — -
v (3)w

(4.2.33)

(4.2.34)

(4.2.35)
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which is the same as that given in Eq. (4.2.25). The resulting equation for

z1(t)
3
i+ Q% = <AT) Q% cos 36, (4.2.36)

with 21(0) = 0 and 44 (0) = 0, can now be solved and the following result
is obtained

x1(t) = (%) (cos B — cos 30). (4.2.37)

Therefore,

0wl 0= A (2 w0 (L)), a2

where 6 = QL.

Observe that the previous solution has a different dependence of its
coefficients on the value of A than the current solution, i.e., compare
Eqgs. (4.2.27) and (4.2.38).

423 i+x3/(1+=x%) =0
The Duffing-harmonic oscillator is
- z
S
1+ 22
It can be rewritten to the form

=0. (4.2.39)

F4a?i+ 2% =0,
F4+0-z+ 2% +2®=0. (4.2.40)
For application of the p-expansion method, we use
F+0-z+pa?i+2%) =0,
with
0=0%+pa; +---,
rT=z0+pr1+---;
therefore,
(io +priy +--- )+ (2 +pay + -+ )x +p(egio + o +---) =0. (4.2.41)
The equation for x4 (t) is

2
i+ Q% = — {al +(1-9?) (%)} Acosf
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3
- (%) (1 — Q%) cos 36,

where we have used the fact that x((t) = Acos with § = Qt. No secular
terms give

m+41—ﬂ%<%§)_0, (4.2.42)

and, for p =1,
a; = —0°.
Solving for Q2, gives from Eq. (4.2.42) the result [7]
()
02— 212

4.2.43)
3A2 0 (
1 -+ =

and

AQ?
iy + Qg = ( 3 ) cos 30. (4.2.44)
The full solution of this equation, subject to x1(0) = 0 and #1(0) =0, is

A
x1(t) = (ﬂ) (cos B — cos 30). (4.2.45)
Therefore, to order p, with p = 1, we have

,T(t) = ,To(t) + 1 (t)

a[(B) e (L)ews]. iz

where 6 = Qt and ) is obtained from Eq. (4.2.43).

424 4213 =0
The cube-root oscillator equation is [9, 10]
i+ 23 =0. (4.2.47)
This equation can be rewritten to the form
i+ Q% =i — Q*(F)3,
where Q2 for the time being, is unknown. For the p-expansion, we use

i+ Q%2 = p[# — Q% (8)°] (4.2.48)
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and expand only the solution z(t), i.e.,
xr=xz0+pr1+---. (4.2.49)
The coefficients of the p® and p terms are

jo —|— QQ.IO = O,

jl + QQ.Il = j?o — Qz(jo)g.

Substituting xg = Acosf, § = Qt, into the right-hand side of the second
equation gives

2008 3008
i+ Q% = [—QQ + 3A4Q } Acosf + (A4Q ) cos 36. (4.2.50)

No secular terms in the solution for 24 (t) implies that the coefficient of cos @
is zero. From this condition it follows that

ANV 1 10491

Using this result, the full solution to Eq. (4.2.50), satisfying the initial
conditions, z1(0) = 0 and 44(0) =0, is

21 (t) = (%) (cos 6 — cos 30),

2(t) = zo(t) + 21 (t) = A K%) cos — <i) cos 39] L (4.2.52)

with 6 = Qt.

It is of great interest to observe that the expressions in Eqgs. (4.2.46) and
(4.2.52) are the same, i.e., based on the first-order p-expansion method, the
approximations for the periodic solutions of the Duffing-harmonic and cube-
root oscillators are given by the same function. Also, note that since the
exact angular frequency is [9, 10]

1.070451
chact = W )

the percentage error in our calculation is 2%.

An alternative way of formulating the p-expansion is to use

0-3+4+1-2=—p(#)?> (4.2.53)
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with

T =x0+pr1+---,

0=1+pb +---, (4.2.54)
1=0%+pa; +--- .
The equation for x4 (t) is
T+ Q2$1 = —b1Zo —a1xg — (io)g

2096 30)6
= [leQ —ay + 3A4Q } cosf + (A4Q > cos36.  (4.2.55)

The elimination of a secular term in the solution for z1(t) gives

1/6
o (B L
3 Al/3

A3Q6
F1 4+ Q% = ( 1 >cost9,

which has the full solution

and

T (t) =

<A3Q4

T ) (cos @ — cos 36). (4.2.56)

Now

A0t (1) (4P g
32 32 3 ’

and, as a consequence,
LL‘(t) = ,To(t) + 1 (t)

1Y\ /4\%3
=Acost0+ | == A5/3(cosf — cos 36). (4.2.57)
32 3
Comparison of Egs. (4.2.52) and (4.2.57) shows that they differ in their
respective mathematical dependencies on A. The conclusion is that the
p-expansion method does not have the quality of uniqueness of solutions
for a given TNL equation.
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4.25 i+ x% =¢€(1 —z2?)x
A TNL van der Pol type oscillator equation is
i+ =e(l —2?)i, (4.2.58)

where the parameter € is assumed to be small, i.e., 0 < € < 1. The period
and solution of a similar equation has been investigated by Mickens [11] and
Ozis and Yildirim [12]. We now apply the p-expansion method to obtain
an approximation (to first-order in p) for its periodic solution.

To begin, we use the following form for the initiation of the calculation

F40-z+pa® = ple(l —2%)i], (4.2.59)
and make the replacements
T =xo+pr1+---,
0=0*+pas +---.
The equations for xo(t) and z;(t) are
Fo+ Q%xo =0, zo(t)=Acosh, 6=t
F1 4+ Q%21 = —a1z0 — :cg +e(l— x%):'co

2 2
=— {al + %] Acos 0+ (eAQ) {1 - AT] sin 6

A3 A3Q
+ (T) cos 30 + (6 . )sin36‘. (4.2.60)
To first-order in p, with p = 1, we have
ay = —Q2, (4.2.61)
and the absence of secular terms, in 1 (t), gives
3A? A?
a1 + 1 0, 1 0; (4.2.62)
therefore
AQ
A=2 Q= 3T =3. (4.2.63)

The full solution to the equation

A3 0A3
F1+ Q% = — <T) cos 30 + <€ 1 ) sin 360

is

A3 €A3 . .
x1(t) = — 3902 (cos@ — cos 30) + 390 (3sin 6 — sin 36)
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_ (%) (cos 6 — cos 30) + (4—\6/5) (3sinf — sin36).  (4.2.64)

Since x(t) = xo(t) + x1(t), we have

x(t) = 2cosf — (1—12> (cos — cos 30)

+ (4—\/5) (3sin @ — sin 30), (4.2.65)

where 6 = Qt = /3.

4.2.6 &+ sgn(x) =0

The antisymmetric constant force oscillator can be solved exactly [13]. This
oscillator

& +sgn(z) =0 (4.2.66)

has a finite discontinuity in f(z) = sgn(z) at = 0. A way to resolve
difficulties with this issue is to note that

[sgn(e)]” =1,
and square the above equation written in the form & = —sgn(x). Carrying
out this procedure gives

1—(#)? =0,

which on multiplication by & becomes
i — (i) =0.
For the purposes of applying the p-expansion method, we use
i+0-z—p(E) =0, (4.2.67)
with

T =xo+pr1+---,
0=0Q%+pa; +---.

If these expressions are substituted into Eq. (4.2.67) and the coefficients of
the p° and p terms are set to zero, then the following equation for x; is
obtained

i1+ Q% = —arzo + (#0)%, 21(0) =0, #1(0) =0, (4.2.68)
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where x¢(t) = Acosf, 0 = Qt. Substituting x¢(¢) into the right-hand side
of Eq. (4.2.68) gives

2006 306
1+ QPry = — [al + 3A4Q ] Acosf — <A4Q ) cos 36. (4.2.69)

The absence of secular terms in the solution for x;(t) gives

n 3A2Q)6 0

a =0.

! 4

Therefore, for p = 1, a first-order in p-expansion calculation gives a; = —Q?

and

<34i2) N=1=0= <§>1/4 <ﬁ) . (4.2.70)

Continuing, we find that the full solution to the z1(¢) equation is

o1(t) = — (A394> (cos§ — cos 36)

32

__ (%) (cos B — cos 30), (4.2.71)
. 2(t) = wo(t) + 21 (t) = A K%) cos ) + (%) cos 39] ; (4.2.72)
where

0 -t — (%) v (#) . (4.2.73)

The exact angular frequency for this nonlinear oscillator is A'/2Qexact =
1.110, while our calculation gives A'/2Q) = 1.075. Therefore, the percentage
error is 3.1%.

4.3 Discussion

We complete this chapter by commenting briefly on some of the advan-
tages and difficulties associated with the parameter expansion method for
calculating analytic approximations to the periodic solutions of oscillatory
systems. The basis of this method rests on expanding “numbers” or terms
in the equation in a power (asymptotic) series in a parameter p and then
carrying out a perturbation calculation under the assumption that p is
small, i.e., 0 < p < 1. Next, the calculated expressions are evaluated at
p = 1 and the further assumption is made that these results provide a
solution to the original problem.
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4.3.1 Advantages

Parameter expansions may be applied to both standard and TNL os-
cillator differential equations.

The technique can also be used to analyze general linear and nonlinear
ordinary and partial differential equation [15].

Once the parameter expansion modification is made to the equation, the
calculation of the periodic solution and the period is straightforward
and proceeds in exactly the same manner as standard perturbation
methods.

4.3.2 Difficulties

It takes skill (and some luck) to formulate the appropriate parameter
expansion construction for a given oscillator equation. In particular,
more than one p-expansion rewriting of the original differential equa-
tion exists, and except by explicit calculation of each formulation and
comparing the results, no a priori principle currently exists to aid with
this process.

It is not clear how to proceed with the application of p-expansion meth-
ods for terms of order p? and higher. No calculation to date provides
information as to how this can be accomplished without ambiguities in
either the formulation and/or the procedures to calculate the angular
frequencies and solutions.

The p-expansion methodology does not permit its application to oscil-
latory systems having solutions with transient behavior, i.e., the am-
plitudes and frequencies depend on time. One consequence of this lim-
itation is that a full investigation of systems having limit-cycles cannot
take place.

Problems

4.1

4.2

What mathematical and/or physical interpretation can be given to the
assumed expansions of the expressions in Egs. (4.2.4) and (4.2.5)7
Is it possible to construct a consistent order p? expansion? If so, do
this for the TNL oscillator

i+a®=0.

Can this procedure be generalized to order p*, where k > 27
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4.3 What are the advantages and difficulties that emerge from having more
than one possible starting form for the differential equation being solved
by application of the parameter expansion method?
4.4 Can the parameter expansion method be applied to
i+2P=e(l—2%)i, 0<e<1?
4.5 Complete the details to obtain the final results in Eq. (4.2.64).
4.6 Construct an order p solution for the following TNL modification of
the simple harmonic oscillator equation
i+z+z/3=0.
4.7 The quadratic, nonlinear oscillator is
Z+|zlx=0
or
&+ x?sgn(x) = 0.
What are the solutions for this equation based on the parameter expan-
sion method? In particular, compare the calculated and exact values
of the angular frequencies.
References
[1] M. Senator and C. N. Bapat, Journal of Sound and Vibration 164, 1 (1993).
[2] R. E. Mickens, Journal of Sound and Vibration 224, 167 (1999).
[3] J. H. He, International Journal of Nonlinear Mechanics 37, 309 (2002).
[4] J. H. He, International Journal of Modern Physics 20B, 1141 (2006).
[5] D. H. Shou and J. H. He, International Journal of Nonlinear Sciences and
Numerical Stmulation 8, 121 (2007).
[6] R. E. Mickens, Nonlinear Oscillations (Cambridge University Press, New
York, 1991).
[7] R. E. Mickens, Journal of Sound and Vibration 244, 563 (2001).
[8] T. Ozis and A. Yildirim, Computers and Mathematics with Applications
54, 1184 (2007).
[9] R. E. Mickens, Journal of Sound and Vibration 246, 375 (2001).
[10] R. E. Mickens, Journal of Sound and Vibration 255, 789 (2002).
[11] R. E. Mickens, Journal of Sound and Vibration 292, 964 (2006).
[12] T. Ozis and A. Yildirim, Journal of Sound and Vibration 306, 372 (2007).
[13] R. E. Mickens, Oscillations in Planar Dynamic Systems (World Scientific,

Singapore, 1996).

[14] T. Ozis and A. Yildirim, International Journal of Nonlinear Sciences and

Numerical Integration 8, 243 (2007).

[15] The review paper of He [4] contains references to a number of these appli-

cations. In particular, see his references [44, 45, 46, 48, 62, 72].



Chapter 5

Iteration Methods

This chapter introduces the iteration method as a technique for calculating
approximations to the periodic solutions of TNL oscillator differential equa-
tions. Section 5.1 discusses the general procedures required to formulate an
iteration scheme. We derive two representations and denote them as direct
and extended iteration methods. Sections 5.2 and 5.3, respectively, illus-
trate the application of these schemes to the same set of TNL equations.
Finally, in Section 5.4, we provide a brief summary of the advantages and
disadvantages of iteration methods.

While our presentation is only concerned with TNL oscillator systems,
the general methodology of iteration procedures can also be applied to
standard nonlinear oscillator differential equations having the form

it = ef(a,@)

where € is a parameter.

5.1 General Methodology

The 1987 paper by Mickens provided a general basis for iteration methods as
they are currently used in the calculation of approximations to the periodic
solutions of nonlinear oscillatory differential equations. A generalization of
this work was then given by Lim and Wu [2] and this was followed by an
additional extension in Mickens [3].

5.1.1 Dairect Iteration

The basic foundation behind iteration methods is to re-express the original
nonlinear differential equation into one that involves solving an infinite se-

89
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quence of linear equations, each of which can be solved, and such that at a
particular stage of the calculation, knowledge of the solutions of the previ-
ous members of the sequence is required to solve the differential equation
at that stage. The major issue is how to reformulate the original nonlinear
differential such that a viable iteration scheme can be constructed. The
following is an outline of what must be achieved in order to attain this
goal:

1) Assume that the differential equation of interest is

F(&,z)=0, z(0)=A, z(0)=0, (5.1.1)
and further assume that it can be rewritten to the form
&+ f(&,z)=0. (5.1.2)
2) Next, add 9%z to both sides to obtain
i+ Q% = Q% — f(x, %) = Gz, #), (5.1.3)

where the constant 2 is currently unknown.
3) Now, formulate the iteration scheme in the following way

Fpi1 + QLirgr = Gan, 4x); k=0,1,2,..., (5.1.4)
with
xo(t) = Acos(Qot), (5.1.5)
such that the zj41 satisfy the initial conditions
2p+1(0) = A, Zx4+1(0) = 0. (5.1.6)

4) At each stage of the iteration, € is determined by the requirement that
secular terms [4, 5] should not occur in the full solution of zx1(t).

5) This procedure gives a sequence of solutions: zq(t),z1(t),.... Since
all solutions are obtained from solving linear equations, they are, in
principle, easy to calculate. The only difficulty might be the algebraic
intensity required to complete the calculations.

At this point, the following observations should be noted:

(i) The solution for 241 (t) depends on having the solutions for k less than
(k+1).

(ii) The linear differential equation for 41 (t) allows the determination of
Q. by the requirement that secular terms be absent. Therefore, the
angular frequency, “Q2,” appearing on the right-hand side of Eq. (5.1.4)
in the function xy(t), is Q.

(iii) In general, if Eq. (5.1.2) is of odd parity, i.e.,

f(_jv —.’L‘) = —f(:'é,;v),
then the x(t) will only contain odd multiples of the angular frequency
[6].
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5.1.2 FExtended Iteration
Consider the following generalization of Eq. (5.1.2),
i+ f(@,a,2) =0, z(0)=A, (0)=0, (5.1.7)

where evidence exists for periodic solutions. Rewrite this equation to the
form

i+ Q% = 0% — f(¥,2,2) = G(#,2,2). (5.1.8)
The proposed “extended iteration” scheme is
Fpy1 + Vwpy = G(ig_1,Th—1,Tk_1)
+ G (Fr—1, Tp—1, Th—1)(Th — Th—1)

+ Gy (Tp—1, Tho1,Th—1)(Tp — Tp—1)

+ G (Fp—1, Tp—1, 1) (Ex — Tr-1) (5.1.9)
where
oG oG oG
and x4 (t) must satisfy the initial conditions
2p+1(0) = A, Zx4+1(0) = 0. (5.1.11)

Examination of Eq. (5.1.9) shows that it requires a knowledge of two
“starter solutions,” x_1(t) and xo(t). These are taken to be [2, 3]

21 (t) = 2o(t) = Acos(Qt). (5.1.12)

The right-hand side of Eq. (5.1.9) is essentially the first term in
a Taylor series expansion of the function G(iy,Zg,2r) at the point
(Zg—1,@k—1,2k—1) [7]. To illustrate this point, note that

xp =xp—1 + (T — Tp—1) (5.1.13)
and for some function H (z), we have
H(zy) = Hlzg-1 + (2 — 5-1)]
:H(Ik,1)+Hz(:Z?k,1)(:Z?k —Ik,1)+~-~ . (5114)

An alternative, but very insightful, modification of the above scheme
was proposed by Hu [8]. In place of Eq. (5.1.13) use

xp = xo + (T — x0). (5.1.15)
Then, Eq. (5.1.14) is changed to
H(ack) = H[ZEO + (ZCk — xo)] = H(.’L‘o) + Hy(z0)(z) —x0) + -+ (5.1.16)
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and the corresponding modification to Eq. (5.1.9) is

ijrl —|— szk+1 = G(io, j?o, .Io) + Gx(.fo, x.o, Io)(xk — ZC())
+ Gm (io, io, l‘o)(ik - io) + Gm (io, io, l‘o)(ik - ,To) (5117)

The latter scheme is computationally easier to work with, for £ > 2, than
the one given in Eq. (5.1.9). The essential idea is that if xo(¢) is a good
approximation, then the expansion should take place at x = xy. Also,
as pointed out by Hu [8], the x¢ in (x) — x0) is not the same for all k.
In particular, 2 in (z1 — x0) is the function Acos(;t), while the z( in
(22 — x0) is A cos(Qat).

The next two sections apply both of these iteration schemes to the same
set of TNL oscillator differential equations. These applications will allow
the subtleties of iteration methods to be understood.

5.2 Worked Examples: Direct Iteration

In all of the calculations to follow, the initial conditions for the solutions of
the appropriate differential equations are taken to be
z(0)=A, x(0)=0. (5.2.1)
Similarly, xo(t) is
xo(t) = Acos(Qot). (5.2.2)

52.1 z+x3=0
A possible iteration scheme for this equation is

Py + Qar = Qay, — . (5.2.3)
For k = 0, we have

B+ Q3x = Q320 — 25 = Q2(Acosh) — (Acosh)?

3 A3
= [Qg - (Z) A2] Acosf — (I) cos 30, (5.2.4)

where 0 = Qpt. To derive this result use was made of the following trigono-

(cos ) = (Z) cosf + (i) cos 36.

metric relation
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Secular terms will not appear in the solution for z;(t) if the coefficient of

the cosf term is zero, i.e.,

Qf - (Z) A® =0,

Qo(A) = G)m A

Under the no secular term requirement, Eq. (5.2.4) reduces to

and

4

The particular solution for this equation takes the form

2P (¢) = D cos(30).

A3
T+ ngl =— (—> cos 36.

Substitution of this into Eq. (5.2.7) gives

AS
(002 4+ 02)D = — (I)

A3 A3 4 A
D = = —_— _— = — .
3202 32 3A2 24

Therefore, the full solution to Eq. (5.2.7) is

and

ri(t) = ;[;gh) + gcgp) = (C'cosf + (%) cos 30,

where C cosf is the solution to the homogeneous equation
i1+ Qgry = 0.
Since x1(0) = A, then

or

and the full solution to Eq. (5.2.7) is

w(t) = A K%) cos 0 + (21—4) 00539] .

(5.2.5)

(5.2.6)

(5.2.7)

(5.2.8)

(5.2.9)
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If we stop the calculation at this point, then the first-approximation to the
periodic solution is

(2) e (T« (2) (s3] 520

However, to extend our calculation to the next level, z1(t) takes the form
given by Eq. (5.2.9), but 6 is now equal to Q4t, i.e.,

wi(t) = A K%) cos (ut) + <i) cos (391t)]
! K%) cos 6 + (21—4) cos 39] . (5.2.11)

Note, we denote the phase of the trigonometric expressions by 6, i.e., § =
Q;t. This short-hand notation will be used for the remainder of the chapter.
The next approximation, zs(t), requires the solution to
io + Dwy = Vday — 2}, (5.2.12)
We now present the full details on how to evaluate the right-hand side of
Eq. (5.2.12). These steps demonstrate what must be done for this type of
calculation. In the calculations for other TNL oscillators, we will generally
omit many of the explicit details contained in this section.
To begin, consider the following result
(a1 cos @ + az cos 30)% = (ay cos0)> 4 3(ay cos ) (ax cos 30)

+ 3(ay cos 0)(az cos 30)? + (a2 cos 36)3.

LL‘l(t) =A

Using
1
(cos 1) (cosa) = (5) [cos(0 + B2) 4 cos(01 — 02)]
and the previous expression for (cosf;)?, we find
(a1 cos @ + ag cos 36‘)3 = f1cosf + f5cos30

+ f3cos bl + fycos 70 + f5cos 96 (5.2.13)
where

3
fi= (—) [a? + a%ag + 2a1a§],

( a4 6a2ay + 3a3],

=W =W

alaz,

)i
) alay + ayad), (5.2.14)
)

fs

=
Il
"l;|§c,o T~
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For our problem, see Eq. (5.2.11), we have

(5.2.15)

Using these results, Eq. (5.2.12) becomes
j?Q + Q%.IQ = (Qfal — fl) COS 9+ (Q%CLQ - f2) cos 36
— f3cosb0 — fycos 70 — f5cos96. (5.2.16)

Secular terms may be eliminated in the solution for x5 (t) if the coefficient
of the cosf term is zero, i.e.,

Qar - /1 =0, (5.2.17)
and
QF(A = (%) o +a?p+ 2a52]A3/aA
- Kg) A } [0® + af +26%] = Q5 (A)h(a, B), (5.2.18)
where

h(a, B) = o + af + 232 (5.2.19)

Examination of Egs. (5.2.18) and (5.2.19) shows that h(«, 3) provides a
correction to the square of the first-order angular frequency, Q2(A). Since
a =23/24 and 3 = 1/24, then

3
Qo(A) = \/;A = (0.866025) A, (5.2.20)
Q1 (A) = (0.849326) A. (5.2.21)
These are to be compared to
Qexact (A) = (0.847213) A. (5.2.22)
The corresponding percentage errors are
chac —Q chac -0
Toxact T 701100 = 2.2%, |—=22t 1100 = 0.2%.  (5.2.23)
Qexaxct exact

Let us now calculate xo(t). This function is a solution to
To + Q%xz = (Q%ag — f2) cos 36 — f3cos b
— facos70 — f5cos90. (5.2.24)
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The particular solution is
ZCgD) (t) = D1 cos36 + Dy cos 50 + D3 cos 760 + Dy cos 96 (5.2.25)

where (D1, D2, D3, Dy) are constants that can be found by substituting
xép ) into Eq. (5.2.24) and equating similar terms on both the left and right
sides. Performing this procedure gives

Dag — fo
B
B <A> {36(042 +afB+26%) — (a2 + 6028 + 33%)
24 a? + af + 232 ’
Do — fs (A oa?B+ap?
2T ou0? <24) [a2 +aﬁ+2ﬁ2] ’

oy~ (4) s
ST 4802 T \48) o+ af+232]"

21~y = (si) [wvaemn)
80022 240 ) | a2 + af + 232
In these expressions, we have replaced Q2 by the results in Egs. (5.2.18)
and (5.2.19).
The complete solution for xo(t) is

x9(t) = xéH)(t) —l—xép) = Ccos@—i—:vép).

For t =0, we have

A:O+(D1+D2+D3+D4).

If we define
D;=AD;; i=1,2,34;
then
C=1— (D1 + D+ D3+ Dy)A,
and

IQ(t) = [1 — (Dl + DQ + Dg + D4)]ACOS€
+ A[D; cos 30 + Dy cos 56 + D3 cos 70 + Dy cos 96],
where 6 = Qq(A)t.

Using the numerical values for o and 3, the D’s can be calculated; we
find their values to be

Dy = 0.042876301 ~ (4.29) - 1072,
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Dy = 0.001729754 ~ (1.73) - 1073,

D3 = 0.000036038 ~ (3.60) - 1077,

Dy = 0.000000313 ~ (3.13) - 107",
Therefore, we have for xz2(t) the expression

za(t) = A[(0.955) cos 0 + (4.29) - 1072 cos 30
+ (1.73) - 1073 cos 56 + (3.60) - 10~° cos 70
+(3.13) - 10" cos 94],
6 = Q(A)t = (0.849325713) A. (5.2.26)

Note that the ratios of neighboring coefficients are

M x(4.49) 1072, 22 & (4.03) 1072
ag a1
93 2 (2.08)-1072, X~ (0.87) 1072

as as
These results indicate that the coefficients decrease rapidly, dropping by
approximately two orders of magnitude from one coefficient to its next
neighbor [9]; see Mickens [9, Section 4.2.1].

52.2 #+4+x3/(1+22)=0

This equation

3
=0, (5.2.27)

T 1+ 22
can be rewritten as follows
(1—}—:02):'1'74—:03 =0

¥ =—x°— %%

&+ Q% = Q%x — 2® — 227,
Therefore, an associated iteration scheme is
Fpy1 + Qwp = Qo — ) — 33, (5.2.28)
For k = 0, we have
By + Q3w = Q3xo — 3 — 2o, (5.2.29)

where xo(t) = Acos(Qat) = Acos. With z((t) substituted into the right-
hand side, Eq. (5.2.29) becomes

i1+ Q2x; = Q%(Acosh) — (Acosh)® — (Acos)?(—Q2Acos )
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342 34202 02A% A3
= Qg—T—i— 1 O}Acosﬁ—i—[ 04 _I] cos 30.
(5.2.30)
Secular terms can be eliminated if the coefficient of the cos 6 term is set to
Zero, i.e.,
342 34202
QQ o 0 =0
0 4 + 4 )
or
()
Qg(A) = 43A2 . (5231)
1+ (34)

This result can be used to evaluate the coefficient of the cos 36 term, i.e.,

0243 A3 A3 L, (02
- (F)eon--(3)4

With this evaluation of the coefficient, the differential equation for x4 (t) is

Q2
&+ Qiwy = — <?0) Acos 30. (5.2.32)

The particular solution is :vgp ) (t) = Dcos30, where D is determined by
substituting 27 (¢) into Eq. (5.2.32), i.e.,
Q2
(=902 + Q3D = — (?()) A
or
D=_—. 5.2.33
51 (5.2.33)

Since
r1(t) = $§H> (t) + xgp) = Ccosf + (%) cos 36,
the z1(0) = A gives
A 23
C“Fﬂ—A or O_<ﬂ)A,

and

w(t) = A K%) cos 0 + (21—4) cos 39] . (5.2.34)
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If we terminate the calculation at this point, then

zi(t) = A Kg) cos(Qot) + <21—4) cos(3Qot)] ,

QQ _ (¥)

However, continuing to the next level of the iteration scheme gives

(5.2.35)

Bo + Qwg = Vg — 2} — 23, (5.2.36)

where x1(t), on the right-hand side of this equation, is

e a[(Z) oo (&)eosw] . 0o ras

(Note, 6 depends on €; and not €p.) If this z1(¢) is substituted into
Eq. (5.2.36), then after some trigonometric and algebraic manipulations,
the following result is found

.. 2 2 3A2 2 2
Iy + Qzy = <07 — e (@ +af +267)
2
o0 () ot (5 o () ] famoro
-+ HOH, (5.2.38)
where HOH = higher-order harmonics and
23 1
-2 = _. 2.
a=g I} 51 (5.2.39)

Therefore,

hi(a, B) = o® + af + 23 = 0.961806,
(aﬁ)_a+< ) 6+( >62—1086805

and Q2 can be determined by requiring the coefficient of cosf, in
Eq. (5.2.38), to be zero. Carrying out this task gives

(3A2) ha (0.9618) (%)
N = (B2 hy 1+ (1.0868) (342) (5.240)

Comparing Q3(A), from Eq. (5.2.31), with the above evaluation for Q3(A),
we find that Q%(A) is a minor modification of the form given for Q%(A).
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Finally, it should be observed that the Duffing-harmonic oscillator,

Eq. (5.2.27), has the following properties
rsmall: 4 2% ~ 0, Qeyact(A) = (0.8472) A,
zlarge: &+ 2 ~0, Qexact(A) =1,

while from Egs. (5.2.31) and (5.2.40), we have

x small : Qp(A) = (0.8660)A, Q1(A4) = (0.8493)A,
x large : Qo(A) =1, 0 (A4) = 0.9407.

Therefore, Q¢(A) gives the correct value of Q(A) for large A, while ©4(A)

gives the better estimate for small A.

523 &+xz1=0
This TNL oscillator differential equation can be written as
x+1=0
i=—(&)x
i+ Q% = 0% — (7).
This last expression suggests the following iteration scheme
Thy1 + Q%CL‘;@_H = Q%.’L‘k — (ik)Q.’L'k.
For k =0 and z((t) = Acosf, § = Qot, we have
F1+ Q3x = (Q2Acos ) — (—Q3Acos0)?(Acosb)

2()2 304
=02 [1 — 3A4QO] Acosf — <A4QO> cos 36.

The elimination of secular terms gives

A%2Q2
R

%54 = (3) 1=

Therefore, x1(t) satisfies the equation

304
i1+ Qe = — (A4Q°) cos 36.

and

(5.2.41)

(5.2.42)

(5.2.43)

(5.2.44)
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The particular solution, argp) (1), is

A3Q2 A
2P (1) = <TO) cos 30 = (ﬂ) cos 36.

Therefore, the full solution is
(t) = Ccosf + A 30
x1(t) = Ccos 57 ) €o830-
Using #1(0) = A, then C' = 23/24 and

w(t) = A K%) cos 0 + (21—4) cos 39] . (5.2.45)

If the calculation is stopped at this point, then

2 (t) = K%) cos(Qt) + (%) cos(3Qot)]

9 11547 (5.2.46)

Qo(A) = N T

Note that [10]
V2r  1.2533141

chact(A) - 24 = A 5 (5247)
and

‘M -100 = 7.9% error. (5.2.48)

Qexact

Proceeding to the second level of iteration, zo(t) must satisfy the equa-
tion

Bg + D2xy = V2ay — (81)%21, (5.2.49)
where
= A (2 cos(@t) + [+ ) cos(3) (5.2.50)
x1(t) = 51 ) €°8 1t) 51 cos(31t) | . 2.

Let 8 = Qyt and substitute this x1 (¢) into the right-hand side of Eq. (5.2.49);
doing so gives

Bo + 3wy = OF [a - (%) A2Q2¢(a, 5)] Acosf + HOH, (5.2.51)

where

g(e, B) = ® + (1—;> B+ 66a8? +273%, (5.2.52)
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and
23 1
The absence of secular terms gives
4\ 1 «
A=\z)=||l—= 5.2.54
t=1G) = s o250
and
1.0175
0(A) = T
with
Qexact — 2
% -100 = 18.1% error. (5.2.55)
1

The existence of such a large percentage-error suggests that we should
try an alternative iteration scheme and determine if a better result can be
found. This second scheme is

Fpin + Vg = ip — Qo (zp) 8. (5.2.56)
For k = 0, we have
B+ Q3ay = &g — Q2 (x0)% 0. (5.2.57)
With z(t) = Acos(Qot), we find that

(d) =1/ (%) |

which is exactly the same result as previously given in Eq. (5.2.46). Simi-
larly, we also determine that xq(t) is

21(t) = A K%) cosf) — (21—4) cos 39] , (5.2.58)

a result which differs from the previous calculation, i.e., compare the coef-
ficients in Eqgs. (5.2.45) and (5.2.58). Further, the value of Q4 (A), for the
iteration scheme of Eq. (5.2.56), is

4\ 1
03(A) = Kg) ﬁ] {ﬁ} ) (5.2.59)
where, for this case,
o= (1) ()
- ) (5.2.60)
o= 0 =—

247 24’
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and
1.0262
0, (4) = 10262 (5.2.61)
A
with
‘M‘ -100 = 18% error. (5.2.62)

Qex&ct

The general conclusion reached is that if the percentage error in the angular
frequency is to be taken as a measure of the accuracy of this calculation,
then the iteration method does not appear to work well for this particular
TNL oscillator. In fact, since the error for Qy(A) is less than that of €4 (A),
the two schemes may give (increasing in value) erroneous results for the
angular frequency as k becomes larger.

5.2.4 &+ sgn(x) =0

This equation models the antisymmetric, constant force oscillator. If we
write it as

sgn(x) = —2, (5.2.63)
and square both sides, then
1= (i)
r = (i)

i+ Q% =i + Q% (i),
and this form suggests the following iteration scheme
Fpy1 + Qiwp = 3 + Q3 (5% ) 2o (5.2.64)
For k =0 and z¢(t) = Acos@, 0 = Qot, then
&1+ Qixy = &0 + Q2 (Z0)%x0

= (—Q%Acosf) + Q2 (—Q2Acos0)*(Acosb)

4 A2 6 43
=-Qf [1 -~ 3QZA } Acosf + (QO4A >c0s39. (5.2.65)

The no secular term condition gives
30547

1
4

0
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or
4\ 1
4 _
Qf = <§> ek (5.2.66)
and
AV 1T 1.0745699
Qo(A) = (§> EE (5.2.67)
Using the exact value
s 1 1.1107207
chact(A) = <2\/§> A1/2 - A1/2 5 (5268)
the percentage error for Qy(A) is
chac - Q
’Qtio -100 = 3.3% error. (5.2.69)
exact
The full solution of
0sA3
1+ Q%xl = ( 04 ) cos 30,
with z1(0) = A, is
2 1
x1(t)=A [(2—i> cosf — <ﬂ) oS 39] . (5.2.70)
If we stop the calculation at this stage, then
25 1
xi(t)=A {(ﬂ) cos(Qot) — (ﬂ) cos(3Qot)} , (5.2.71)
where Qg(A) is given in Eq. (5.2.67).
For k =1, we have
Fo + Qfwg = &1 + QFw (81)?, (5.2.72)
where
25 1
H=A|l= 0— | — 30
w1 (t) [(24> cos (24) cos ] , (5:2.73)
0 = Qqt.
Substituting Eq. (5.2.73) into Eq. (5.2.72) and simplifying gives the result

, 2 2 301A2
T+ Qfae = —QF |a— 4 h(c, B)| Acos® + HOH, (5.2.74)

where

h(a, ) = a® — (1—;> a?6+ (%) af?, (5.2.75)
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with
25 1
Setting the coefficient of the cosf term to zero, gives
4\ 1 «
Qi =1lz) == 5.2.77
' [(3) AJ [h(a,m] 0:277)
and, on evaluating the right-hand side
1.095788

Therefore, Q1(A) has a percentage error of 1.3%, as compared to Qg(A)
where the error is 3.3%.

525 #+x/3=0
The cube-root TNL oscillator equation can be rewritten as

r=—(&)?

P+ Q% =i — Q% (8)?
and the associated iteration scheme is
Fp1 + Laxpy = iy — Qo (ip)> (5.2.79)
With z(t) = Acos(Qpt) = Acosf, we have

2 843
i1 4 Qiro = —(Q3) [1 -8 (%ﬂ Acosf + <QO4A > cos36. (5.2.80)

The elimination of secular terms in the solution x4 (t) gives

342
1-05 (T> =0,

or
4 1
60 A) —

o= (3) ().

and
AN 1 10491151
D (A) = (§> 5= Ais (5.2.81)
Since the exact value for Q(A) for the cube-root equation is
1.070451
Qexact (A) = (5.2.82)

Al/3 7
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then

Qex& - Q
‘# -100 = 2.0% error. (5.2.83)

Qexact

The full solution to

Q843
I —l—ngl = ( 04 ) cos 30,

is

25 1
x1(t)=A [(ﬂ) cosf — <ﬂ) cos 39] , (5.2.84)
and if we stop at this level of calculation, it follows that z(¢) is
) = A | (22) cos(@t) — [ =) cos(30%t (5.2.85)
T = o COS(dZp 24 COS 0 5 /N

where Qg (A) is the expression given in Eq. (5.2.81).
At the next level of the calculation, i.e., for k = 1, we have

Bg + Dag = &y — Q3(i)3. (5.2.86)
If
x1(t) = Alacos — [ cos 36),
) a—§ ﬁ_i (5.2.87)
— a1l - 24’ - 24’

is substituted into the right-hand side of Eq. (5.2.86), then the resulting
expression is

Fo + Qfwg = —(03) {a - (34ﬁ> Q?h(a,ﬁ)} cos + HOH, (5.2.88)
where
h(a, B)(a? — aB +28%)a. (5.2.89)

Setting to zero the coefficient of cos 6, to prevent the occurrence of a secular
term, gives

1\ 1 1 1
= |(5) %) [ - ) om0

and
A
Ql(A) = <§> A1/3

1 Y6 1041424
[a ] — (5.2.91)

2_afto| T AB
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The corresponding percentage error is
Qexact — (1
Qexact
Comparing Egs. (5.2.83) and (5.2.92), the conclusion is that Qg(A) is a

slightly better estimate of the exact value for the angular frequency than

Q1(A).

-100 = 2.7%. (5.2.92)

An alternative iteration scheme for the cube-root equation
i+ a2t =0, (5.2.93)
is [12]
Frpr + Qg = Bayp — x> (5.2.94)
However, inspection of this formula shows that it can only be applied to
obtain one level of iteration. Currently no known expansion exists for

£(6) = (1080 4 ¢ cos30 + - - - )3, (5.2.95)

where (¢1, ca, ... ) are the constant coefficients, although theoretical reason-
ing informs us that [13, 14]

f(0) =dycosh+ dacos30+ -+, (5.2.96)

for some set of coefficients, {d;}.
For k =0, Eq. (5.2.94) is

F1+ Qawy = Q3xo — xé/?’ = 02 Acosf — (Acosh)'/3, (5.2.97)
where 6 = Qgt. Now (cos)'/3 has the Fourier expansion
(cos0)/3 = Z agn+1 cos(2n + 1)0 (5.2.98)
n=0
where
3T (5)
. : 5.2.99
T 0 ) TG ) )
and
a; = 1.15959526696. . .. (5.2.100)

If these results are substituted into the right-hand side of Eq. (5.2.97), then
the following result is found

i1+ Q2 = (A — AY3a;) cos — A3 Z aon+1 cos(2n+1)60. (5.2.101)

n=1
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The elimination of a secular term in the solution for z;(¢) requires that the
coefficient of cos @ be zero, i.e.,

Q2A — AYV2q; =0
or solving for Qg (A4),
Vvar  1.076845

Q(A) = X775 = 17 (5.2.102)
Therefore, x1(t) is the solution to the differential equation
1+ Qfzy = —AY2Y " agniq cos(2n + 1)0), (5.2.103)

n=1

where 0 = Qot and x1(0) = A with £(0) = 0. The full solution for z;(t) is
x1(t) = A cos[Q(A)t]

+AZ{ et 1]}005[(2n+1)QO(A)t], (5.2.104)

(2n+1)2

where Qg (A) is taken from Eq. (5.2.102) and § is the constant [12]

> A2n+1
= . 2.1
[ Dirn ey (52.105)

Note that the percentage error is
‘ chact - Q0

Qexact

100 = 0.6% error. (5.2.106)

Therefore, in spite of the limitations of the single-step iteration scheme,
given by Eq. (5.2.94), this procedure provides an accurate estimation of the
value for the angular frequency. Inspection of Eq. (5.2.104) demonstrates
that all harmonics appear in its representation.

5.2.6 #+x1/3=0

An iteration scheme for the inverse-cubic TNL oscillator is obtained by the
following manipulations,
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i+ Q% =7 — Q% (#)%2?,
and in this form, the iteration scheme is
Fpi1 + Lapyr = ip — Qo (ig)323. (5.2.107)
For k = 0, with z(t) = Acosf = Acos(Qpt), we have
iy 4+ Qory = o — Qf(E0)*x]
= (=Q2Acos8) — Q2(—N2Acos0)?(Acosh)?

6 A4
= —(22) [1 - 5QgA } Acosf
8 A5 8 A5
+ (%) cos 30 + (Qigl ) cos 56. (5.2.108)

No secular term in the solution for x;(¢) requires that the coefficient of the
cos 6 term be zero and doing this gives

Qg At
1-— 5% =0
or
8\ 1
6 _
o= <3> A
and
1/6
8 1 1.081484
Qp(A) = (5) B = (5.2.109)
Since Qexact(A) is
2 1 1.154700538
Qexact (4) = (ﬁ) R (5.2.110)
the percentage error for €2(A) is
chac -0
‘Qtio - 100 = 6.3% error. (5.2.111)
exact

To calculate z1(¢), the solution to the following differential equation
must be found,

8 A5 8 A5
B+ Q3w = (590‘4 ) cos 30 + (QOA ) cos 50. (5.2.112)

16 16
Requiring that z1(0) = A and #;(0) = 0, and using Qy(A) from
Eq. (5.2.109), the full solution for x;(t) is found to be the expression

16 15 1
x1(t) = (E) A {cos@ - <ﬁ> cos 36 — (ﬁ) cosSH}

N (5.2.113)
o-ou- ()" [3]
5 A2/3
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Note that the coefficients decrease rapidly, i.e.,

al 15 a9 1
—| = — =0.0586, |—|=-—==0.0667. 5.2.114
an 256 ’ aq 15 ( )
The equation for xo(t) is
Bg + D2wy = &y — Q3(i1)%22, (5.2.115)

and with xy(t) given by the expression

x1(t) = (%) A [cos(Qlt) - (21_556> cos(30t) — (2_é6) cos(5§21t)] ,
(5.2.116)
an easy calculation finds that the right-hand side of Eq. (5.2.115) contains
all odd harmonics from 6 to 256, i.e.,

12
By + Qiwy = bu(A,QF) cos(2n + 1)0, (5.2.117)
n=0
where b, (A, Q?) are known functions of A and 22. While the full solution
for this differential equation can be directly found, significant algebraic
manipulation is required to obtain the final result.

5.2.7 ¥+x+x2/3=0

The modified harmonic oscillator TNL oscillator, with a cube-root term, is
[16]

i4z+a/3=0. (5.2.118)
Starting with

23 = —(i + 2)

r=—(i+x)?
i+ Q% =3 — Q*i +x)?,
we take the associated iteration scheme to be
Fpr1 + Liwp = g — Q3 (Fx + 2)®. (5.2.119)

Therefore, for k = 0, we have with z¢(t) = Acosf, § = Qot

:fl + Qgilfl = 570 — Q(Q)({Eo + xo)g

2
=02 [—1 + (23 —1)* (%)] Acosf
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2 2 3 3A2
+Q5(QF ~ 1) = ) cos 36, (5.2.120)

The no secular term requirement gives

2
1+ (03 —-1)?° (ﬁ) =0,

4
or
N 1.100642
204y _
Qp(A) =1+ (g) (m> =1+ s (5.2.121)
With this information, it follows that x;(t) satisfies the equation
AS
i+ Q2 = Q23 —1)? (T) cos 36, (5.2.122)
and this equation has the following full solutions for x4 (t),
25 1
zi(t)=A Kﬂ) cosf — <ﬂ) cos 39] . (5.2.123)
To obtain this result, the particular solution was taken to be
2P (t) = D cos 30, (5.2.124)
where D is found to be
A3
D=—(02—-1)3 <§> . (5.2.125)

However,

4\ 1
2 3 _
and when this is substituted into Eq. (5.2.125), D takes the value
4 1 A3 A
po () (E)=-(2)  sane
The full solution for z1(t) is
A
x1(t) = Ccos — <ﬂ> cos 36,

and for 1(0) = A, then C = 24 and the result given in Eq. (5.2.123) is
derived.

If the calculation at this point is terminated, then
25 1
zi(t)=A {(ﬂ) cos(Qot) — (ﬂ) cos(3Qot)} ,

oit =1+ (2) ().

(5.2.127)
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For purposes of comparison, let us now calculate a first-order harmonic
balance approximation to the periodic solution of Eq. (5.2.118). The as-
sumed solution is

T14p(t) = Acosl, 0= Qpupt, (5.2.128)
and its substitution into Eq. (5.2.118) gives
—02%, 5 Acosf + Acosf + (Acos )3 ~ 0,
and
[(1— 0% 5)A+ a1 AY?] cos§ + HOH ~ 0. (5.2.129)

To obtain this result, we made use of the expansion of (cos#)'/? stated in
Eq. (5.2.98). Setting the coefficient of cosf to zero gives

ax
0% 5(A) =1+ R (5.2.130)
Using a; = 1.159595. .., we find
1.159595
0% 5(A) =1+ s (5.2.131)

Since no known solution exists for Eq. (5.2.118), we can only compare
the two expressions for the angular frequencies, Q%(A) and Q3%,5(4), re-
spectively, from Egs. (5.2.121) and (5.2.131). Both formulas give similar
results with a percentage error difference of about 5.2%. These calculations
suggest that a plot of Q2(A) versus A has the general features presented in
Figure 5.2.1; in particular
c
A small : 92(14.) ~ m s
Alarge : Q%(A) ~ 1,

where C' is a positive constant.

5.3 Worked Examples: Extended Iteration

The formula for extended iteration is given in Eq. (5.1.17). It corresponds
to making a linear Taylor series approximation at x(t) = xo(t) where
xo(t) = Acosf, 0= Qyt. (5.3.1)
Again, note that at the k-th level of iteration the angular frequency 2 is
taken to be Qy, i.e., the value for Q in z((t) changes with the order of
iteration. For extended iteration, z1(t) has the same mathematical form as
that for the direct iteration method. The methods differ only for k& > 2.
To illustrate the use of the extended iteration procedure, two TNL os-
cillator equations will be studied. For both cases, z2(t) is determined.
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A

Fig. 5.2.1 Plot of Q2(A) versus A for the periodic solutions of Eq. (5.2.118).

53.1 &+4+x2=0

Starting with the differential equation

i+a® =0, (5.3.2)
we obtain
i+ Q% = 0%z — 2 = Gz, 0%), (5.3.3)
with
Go(x,0%) = Q% — 322 (5.3.4)

Therefore, according to Eq. (5.1.17), the related extended iteration scheme
is

Fr1 + Qi = G(w0,93) + Gu(w0, Q7)) (21 — 70)
= (QFxo — x3) + (22 — 323) (wx — x0)- (5.3.5)
For k =1, we find
B2+ Qiwg = (3w — 23) + (95 — 323) (21 — 20), (5.3.6)
where
xo(t) = Acosb,
x1(t) = Alaccos 0 + [ cos 30], (5.3.7)

23 1
9=Qlt, a:(ﬂ), ﬁ:<ﬂ>
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(See Eq. (5.2.9) for the above expression for x;(t).) Substituting the ex-
pressions of Eq. (5.3.7) into Eq. (5.3.6) and then simplifying, gives

Fo+ Qag = A {aﬂf - <34£) (Ba+ 3 — 2)] cos 6
+A [BQ% + (AI?) 2—-—a-— 26)} cos 30 — (36;43) cos 56.

(5.3.8)

No secular terms in the solution for xo(t) requires that the coefficient of
cos 6 be zero, i.e.,

a? — (3—A2> (Ba+p—-2)=0;

4
and
Q% — (34ﬁ> <30[+Tﬁ_2> — Q(QJ <3a+Tﬁ—2) , (5.3.9)
or
Q1 (A) = (0.846990) A. (5.3.10)

Comparing this €4 (A) with the exact value, we obtain the percentage-error
chact - Ql
Qex&ct

With the above value for €4 (A4), the coefficients of cos 30 and cos 56 can
be evaluated and we find

100 = 0.03% error. (5.3.11)

Fo + Qg = (%) A® cos 30 — (%) A® cos 50. (5.3.12)

The particular solution for this differential equation is
:vép)(t) = Dy cos 36 + D5 cos 50, (5.3.13)

and Dq and Dy are found to have the values

595A3 1 595
D= ( 2208 ) (-89%) T (12,672) A4,
6943 1 23
Do=— [ ) [—— )= (=2_)4
2 <2208> <—24Q§) <12,672>

Therefore, the full solution is

x9(t) = C'cos @ + D1 cos 30 + Dy cos b0,
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with
13,244
¢= (12,672) A4,
and, finally,
13,244 595
t)y=A ’ 0 — 30
z2(1) {<12,672) o8 (12,672) o8
23
66
0=0Q(A)t=4/—A. (5.3.15)
92
A calculation of the ratio of the coefficients gives
ay 595 9
—| = ~ (4.5) - 10
ag 13,244 (45) ’
a9 23 _92
—|=——~(39)-107~
ay 595 (3.9)

These results suggest that in a higher level iteration calculation the coefhi-
cients of the harmonic trigonometric terms should decrease rapidly.

In summary, the extended iteration procedure gives a more accurate
solution in comparison to the direct iteration method.

5.3.2 & + :E_l =0

This TNL oscillator has several possible iteration schemes. We use the one
derived from the relation

i+ Q% = 0% — 2(3)? = G, #,0%), (5.3.16)
that is
Ery1 + Qo = [QRao — 2o(do)’]
+ 1[92 — (#0)%](zk — w0) — 2w0iy (¥1, — &o).  (5.3.17)

To obtain this relation the following formula was used for the extended
iteration scheme

ikarlQi:Z?kJrl = G(Io, 570, Qi) + GI(ZE(), jo, Qi)(xk — Io)

+ Gi(wo, io, Q) (Er — o).



116 Truly Nonlinear Oscillators

For k =1, we have
By + D2ay = 2m0(d0)% 4 [Q2 — (d0)?|z1 — 2x0i0d, (5.3.18)
with
xo(t) = Acosb,

z1(t) = Alaccos 6 + [ cos 36], (5.3.19)
23 1
e—Qlt, Oé_ﬂ’ ﬁ_ﬂ

(See Eq. (5.2.45) for x1(¢).) Substitution of the items in Eq. (5.3.19) into the
right-hand side of Eq. (5.3.18) gives, after some algebraic and trigonometric
simplification, the result

iy + Qfzy = (Q1A) [a - (3-170) (Q%4A4)] cosf

- (Aff%) [(1+358)Q7A? — 4/3] cos 30

- (%) (Q}A3) cos 56. (5.3.20)
Setting the coefficient of cosf to zero and solving for Q2 gives
4\ 1 69 69
BA=|=-]=]|(=)=024) |= .3.21
w-|(3) ] (8)-%w|g]. e
or
01(A) = % , (5.3.22)

Comparing Q;(A) with the exact value, Qexact(A), we find the following
percentage error

chac - Q
‘til -100 = 5.1% error. (5.3.23)

Qexact

Note that using the direct iteration scheme, we found

1.154

O (A) = j ! (7.9% error),
1.01

2,(0) = OL75 (18.1% error).

Therefore, the extended iteration procedure provides a better estimate of
the angular frequency.

Replacing Q342 in Eq. (5.3.20), by the expression of Eq. (5.3.21), we
obtain

2 2
Bo + Wag = — (A?) (%) cos 360 — (Affl) (%) cos50. (5.3.24)
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The corresponding particular solution takes the form
ZCgD) (t) = D1 cos 36 + Dq cos 76.

Substituting this into Eq. (5.3.25) and equating the coefficients, respec-
tively, of the cos 360 and cos 76 terms, allows the calculation of Dy and Ds;

they are
3876 437
Dl"<3z44o)fL 'D2"<3z440)fL
Since the full solution for x5 (t) is

xo(t) = C'cosl + xgp) (0)
with z2(0) = A, it follows that

C:A_LH_DT:(%JW)A

37,440

and

33,127 3876 437
xo(t) = A[<377440) cosd + <M> cos 360 + <377440) cos59],

s—omme= 2] (4).

(5.3.25)
Inspection of 2:5(¢) indicates that the coefficients of the harmonics satisfy
the ratios

a, 3876

— = ——=0.117

ap 33,127 ’

ap 437

— = —~0.113.

a; 3876

5.4 Discussion

The rewriting of a TNL differential equation to a new form raises several
mathematical issues. The most significant is the relationship between the
solutions of the original equations and those of the reformulated equation.
This is illustrated by the equation

i+t =0. (5.4.1)
Writing it as

T = —xl/S,
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and cubing both sides gives
(i)* +x =0. (5.4.2)

However, the last equation can be factored as follows
1 ' 1— i
(& 4+ 2/3) lx - <ﬂ> 23 [:c - <$> xW] =0, (5.4.3)

2
and this expression corresponds to three nonlinear, second-order differential
equations

i+at/3=0,
2 ’ (5.4.4)
1_ .
T — % 23 = 0.

The first of these differential equations has real solutions, while the other
two have complex valued solutions. Thus, the original TNL oscillator equa-
tion (5.4.1) and its reformulation, Eq. (5.4.2), are not identical in terms of
possible solutions. This fact may have an influence on the accuracy of the
approximations to the periodic solutions and their angular frequencies.

Re-examination of parameter expansion methods, given in Chapter 4,
indicates a similarity with the iteration procedures of this chapter. For
lower orders of calculation, the two techniques have many common features
such as the differential equations to be solved and, as a consequence, the
same solutions and predicted values for the angular frequencies. An inter-
esting research problem would involve investigating possible mathematical
connections between these two techniques.

The next section presents a brief summary of several of the advantages
and difficulties of iteration methods.

5.4.1 Advantages of Iteration Methods

e Only linear, inhomogeneous differential equations are required to be
solved at each level of the calculation.

e In principle, iteration methods may be generalized to higher-order dif-
ferential equations. An important class of such equations are the non-
linear “jerk equations” [17-19]. A particular example is [17]

T 4ai + bi® + cx’d + dwii + ei(i)? = 0,

where (a,b,c,d, e) are constants.
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The coeflicients of the higher harmonics, for a given value of the itera-
tion index k, decrease rapidly with increasing harmonic number. This
implies that higher-order (in k) solutions may not be required.

The extended iteration method generally is easier to apply, for a given
equation, in comparison with similar direct iteration techniques, i.e., it
requires fewer overall computations for the calculation of z(t) and Q(k)
for a given value of k. In particular, for equations having cubic-type
nonlinearities, the number of harmonics at the k-th level has approxi-
mately the following behaviors

3k 41
direct iteration : ;— ,

extended iteration : k + 1.

Since the coefficients of the harmonic have a rapid decrease in values,
the extended iteration method is expected to be sufficient for most
investigations.

5.4.2 Disadvantages of Iteration Methods

A given TNL oscillator equation may have more than one possible iter-
ation scheme. At present, there are no a priori meta-principles which
place limitations on the construction of iteration schemes.

The first-order calculation of the angular frequency may be more accu-
rate than values calculated using a higher stage of iteration.

For level k > 2 calculations, the work required to determine the angular
frequency and associated periodic solution may become algebraically
intensive.

Tteration methods may not provide accurate values for the angular fre-
quencies when the original TNL oscillator differential equations con-
tains “singular terms.” For example, the equation

1
i+==0,
X

has the singular term z !, i.e., it is not defined at = 0. While the
solution x(t) and its first derivative exist at @ = 0, the differential
equation is not defined for this value of x. Another example is

. 1
In this case, the singularity is integrable and the iteration procedures
give good results for the periodic solutions.
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Problems
5.1 Give reasons why z(t) should be selected in the form expressed by

5.2

5.3

5.4
5.5

5.6

5.7

5.8
5.9

5.10

5.11

5.12

Eq. (5.1.5).
How would the iteration procedure be altered if initial conditions were
changed to

2p41(0) = 4, @p41(0) =B, k=0,1,2,..7
Derive an iteration scheme involving higher-order terms in the Taylor
series expansion of G(%, &, z). See Egs. (5.1.9) and (5.1.10). What are
the advantages (if any) and limitations of such a generalization?
Calculate the f; (i =1,2,...,5) listed in Eq. (5.2.14).
Complete the details and determine the coefficients (D1, D2, D3, Dy)

for the particular solution of Eq. (5.2.24).
Construct a second iteration scheme for

&+ sgn(x) = 0.

See Section 5.2.4.
Is there a fundamental difference between the two representations

i+z/? =0,
i+ |z Psgn(z) = 0?

Calculate the result for zo(t) as expressed by Eq. (5.2.88).

Discuss the derivation of Eq. (5.2.94) and explain why it cannot be
extended to £ > 1.

Derive a second iteration scheme for

i+ V3 =0.

See Section 5.2.6.
Carry out the steps required to determine x2(¢) and €4 (A) as given by
Egs. (5.3.14) and (5.3.15) for the oscillator

F+a23=0.

Provide a possible explanation as to why the ratio of the coefficients
for xo(t) are larger for

i+a =0
than for

i+a2®=0.
See Sections 5.3.1 and 5.3.2.
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Chapter 6

Averaging Methods

All of the previous methods for calculating approximations to the periodic
solutions have one outstanding limitation: they cannot be applied to TNL
differential equations having transitory solutions, i.e., the solutions may be
oscillatory, but not periodic, or the equations may have limit cycles, with
transitory behavior for nearby solutions [1, 2]. In general, these systems
contain dissipation and this causes the “amplitude” and the “phase” of the
oscillations to change with time.

A technique to resolve these issues is the method of averaging [1-3]. The
basic procedure begins with the assumption that the oscillatory solution can
be written as

x(t) = a(t) cos(t).

Next, exact first-order differential equations are derived for a(t) and (¢).
However, these equations are of such complexity that they cannot be solved
in closed form. The application of a suitable “averaging” leads to two
other first-order approximate equations for the amplitude, a(t), and the
phase ¥(t). In general, these latter two differential equations can be solved
exactly. If we denote the respective solutions by a(t) and (), then the
approximation to the solution z(t) is

x(t) ~ z(t) = a(t) cos ¥(t).

This chapter presents several averaging procedures for determining ap-
proximations to the solution of TNL oscillatory differential equations. The
significance and meaning of the term “averaging methods” can be explained
by the manner in which the various methods are derived.

In Section 6.1, two elementary TNL averaging methods will be pre-

sented. These procedures are based on early work by Mickens and Oyedeji
[4], and Mickens [5]. Section 6.2 gives a number of worked examples based

123
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on these two procedures. In Section 6.3, we present a new analytical method
derived by Cveticanin [5] for solving TNL oscillator equations containing
terms corresponding to dissipative. Section 6.4 contains several worked ex-
amples based on the Cveticanin method. Section 6.5 gives a brief reference
and discussion of related work by other researchers. Finally, in Section 6.6,
we comment on the advantages and disadvantages of these various averag-
ing procedures.

6.1 Elementary TNL Averaging Methods

6.1.1 Mickens-Oyedeji Procedure
Consider the following special TNL oscillator differential equation
i+a® =eF(x,d), 0<e<1, (6.1.1)

where € is a small parameter and F' is a polynomial function of x and &.
Assume that the solution to this differential equation takes the form

x(t) = a(t) cos[Qt + ¢(t)], (6.1.2)

where, for the moment, the dependency on € is suppressed. The functions
a(t) and ¢(t) are unknown functions, and they and the unknown constant
) must be determined. The quantities a(t) and (t) = Qt + ¢(t) are,
respectively, the amplitude and the phase of the oscillation.

Taking the derivative of Eq. (6.1.2) gives

i = —Qasiny + acosy — agsin . (6.1.3)
If we require that
& = —Qasiny, (6.1.4)
then it follows that
acost) — apsini = 0, (6.1.5)
and the second derivative of z is
i = —Qasiny — Qadcosy — Vacos . (6.1.6)

If Egs. (6.1.2), (6.1.4) and (6.1.6) are substituted into Eq. (6.1.1), then we
find

. 3
asiny + A¢cosp = —Qacosy + (%) cos
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a’ € .
+ (m) cos 31 — (5) F(acost, —Qasin). (6.1.7)
Equations (6.1.5) and (6.1.7) are linear in @ and $, and solving them for
these quantities gives

3

a=—Qacosysiny + (%) cos Y siny

3
+ (Z—Q) cos 31 siny) — (é) Fsin, (6.1.8)

ap = (E — Qa) (cosv)? + <a_3> cos 31) cosp — (i) Fcosv, (6.1.9)
40 40 Q ’ o
where F' = F(acost, —aQ)sin). Note that these equations are expressions
for & and ¢, but, in general, cannot be solved for a(t) and ¢(t). However,
approximate formulas can be derived by making use of the fact that the
right-sides of these equations are both periodic in ¢ with period 27. There-
fore, averaging the right-sides over 27 gives

2m
a=- (2;9) ; F(acost, —Qasin) sin dip, (6.1.10)
. € °r , 1\ [ 3a?
¢:_(27r(2a)/0 F(acost, —Qasint) costp dip + (§> (E_( |
6.1.11

Strictly speaking, in the last two equations, the (a, ¢) functions should be
represented by notation such as (@, $) to indicate that they are averaged
quantities. However, in keeping with the usual practice, no such over-bars
will be used.

In summary the Mickens-Oyedeji [4] generalization of the method of

first-order averaging [1, 2] applied to the equation
i+ a3 =eF(x,&), 0<e<1,
is
x(t) ~ a(t) cos (1),

where a(t) and ¢(t) are determined from solving respectively, Egs. (6.1.10)
and (6.1.11).

The above presentation applies only to the special case of TNL oscillator
equations where the TNL “elastic force” term is cubic. Also, the derivation
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is based on the use of trigonometric functions, i.e., sin and cost. How-
ever, in a series of publications [8], Bejarano and Yuste, have extended this
methodology for Eq. (6.1.1) to the use of Jacobi elliptic functions.

Finally, it should be observed that the constant €2 is not specified. The
worked examples in Section 6.2 will give one possibility for making this
selection.

6.1.2 Combined Linearization and Averaging Method

Consider the equation
i+ g(z) = eF(z,2), 0<e< 1, (6.1.12)
where g(x) is a nonlinear function. The basic idea of the combined lineariza-

tion and averaging (CLA) method [5, 7] is to replace g(x) by an appropriate
linear approximation, i.e.,

g(z) — Q%x, (6.1.13)
such that the resulting replacement equation
P+ Qe =eF(z,2), 0<e<l, (6.1.14)

can be solved by means of any of the standard perturbation procedures
[1-3, 9]. Thus, for this method the fundamental issue is how to determine
2 and what parameters it depends on; for example, it may be dependent
on the initial conditions, as well as parameters appearing in the original
differential equation. The general goal of this procedure is to determine a
solution to Eq. (6.1.14) that is “close” to the actual solution of Eq. (6.1.12).
In the following work, only approximations to O(¢) are given. In any case,
whether or not the solutions of Eqgs. (6.1.12) and (6.1.14) are “close,” we do
expect that they will have many of the same general qualitative properties.

Note that the linearization of a function is an ambiguous task and just
how this should be done is dependent not only on the particular problem
under consideration, but also on the exact purposes such a linearization is to
accomplish. Two references giving a broad range of linearization procedures
are the works of Bellman [10] and Zwillinger [11].

Our method of linearization is “harmonic linearization,” i.e., replace x
by

T — acosb, (6.1.15)

substitute this into g(z) to obtain

g(z) — g(acosh) ng cos(2k + 1)6, (6.1.16)
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where the coefficients may be determined as functions of a and use the
replacement by the first term, i.e.,

g(z) — gola)cosf = [90—(“)] (acos0) = Q2(a)z. (6.1.17)
a

This linearization may be applied for both TNL and standard oscillators.
The following three examples illustrate the harmonic linearization pro-
cedure.
First, consider g(z) = 2. Following the steps given above, we find

3a° 3
g(z) = 23 = (acosh)® = (%) cosf + (%) cos 30

2
= (3i> (acosf) + HOH,

4
and
3 2 2 3a”
gx) =2 = Q% (a)x, Q°(a) = e (6.1.18)
Second, for the function g(x) = z + \x3, we have
3
g(x) — (acosf) + A acosh)® = (acosf) + (3)\a ) cos + HOH
2
_ {1 4 32a ] (acos0) + HOH = 02(a)z,
where
2
02(a) =1+ 3A4a . (6.1.19)
Third, for g(x) = 2/3, we find
g(x) = 2% = (acos0)Y/? = go(a) cos § + HOH (6.1.20)
where
go(a) = (1.1596)a'/3,
and
1.1596

Therefore the TNL oscillator differential equation
i+a'? =€l —2?)i,

becomes, under harmonic linearization, the equation

(11596 ~
Z+ (W>x=e(1—x )i.
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If F(xz,&) is a function only of z, then the system is a conservative
oscillator and any of the previous methods, covered in Chapters 3, 4, and
5, may be used to calculate an approximation to the periodic solutions.
The more interesting case arises when F'(x,4) depends on both x and #,
and for this situation limit-cycles may occur [1-3]. For this situation, the
harmonic linearized equation

i+ Q% (a)r = eF(x,7), 0<e<1, (6.1.22)

can be solved by a first-order averaging technique [1-3]. The procedure
requires the following steps

(i) Begin with Eq. (6.1.22) and replaced a by A, an unspecified constant,

ie.,
i+ Q% (A)x = eF(x, ). (6.1.23)
(ii) Apply standard first-order (in €) averaging to obtain the solution
a(t,€) = alt, €) cos[QUA)t + p(t, €)], (6.1.24)
where
2m
a=- [m] /0 F(acosy, —Q(A)asin ) sinp dip,
2T
b=— [We(/_l)a] /0 F(acost, —Q(A)asin) cos v dip.
(6.1.25)
Note that these two equations have the forms
€
S L
¢ [27&(14)} 1)
(6.1.26)

¢=— {m} Hy(a),

where Hj(a) and Hz(a) may be found by comparing Egs. (6.1.25) and
(6.1.26), and, in general, H1(0) = 0.

(iii) If H1(a) > 0 for a > 0, then Eq. (6.1.23) is purely dissipative and select
A to be A, where the initial conditions are x(0) = A and #(0) = 0.

(iv) If Hy(a) = 0 has a unique, positive zero, i.e., a = A*, then select A to
be

: (6.1.27)

and we have

(6.1.28)
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(v) For the conditions of either (iii) or (iv), solve Eqgs. (6.1.26) for a(t, e, A*)
and ¢(t,eA*), subject to the conditions

a(0,e, A*) = A, ¢(0,¢,A*) =0. (6.1.29)

In general, the requirements of Eq. (6.1.29) will give for the approximate
solution only

2(0) = A4, (0) = O(e), (6.1.30)

and not z(0) = A, #(0) = 0. This result is a consequence of the first-
order averaging procedure.

(vi) Finally, this method gives the following approximation to the periodic
solutions of

Z+g(x)=€eF(r,2), 0<e<1;
x(t) ~ a(t,e, A*) cosp(t, e, A¥),

W(t, e, A") = QA"+ ¢(t, e, A),

where a(t,e, A*) and ¢(t, e, A*) are solutions to Egs. (6.1.26) and
(6.1.29).

This procedure gives not only the limit-cycle parameters,
amplitude = A*, from H;(4*) =0,

A*
frequency = Q?(A*) = goil* ) ,
but also allows the transient motion to be (approximately) determined.
The next section illustrates the application of these two methods.

6.2 Worked Examples

6.2.1 &+ x% = —2ex

This equation corresponds to a linear damped Duffing equation and for this
case

F(xz, i) = —24%, (6.2.1)
with

F — (=2)(—Qasiny) = 2Qasin 1. (6.2.2)
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Therefore, according to the Mickens-Oyedeji procedure

2
a=— (2;9) /O (2Qasin ) sin g dyp = —ea, (6.2.3)

. € 2m . 1 30,2
b=— (27TQa)/0 (20a) sin 1 cos 1 dip + <§> {E —Q}

<2‘;> Fi - Qz] : (6.2.4)

The solution to (6.1.3) is

and

a(t,e) = Ae . (6.2.5)
If we take Q2 to be 24~ then

el {2

and this equation has the solution

B(t,e) = (@) (i) [1—e7] - <?> At. (6.2.7)

To obtain this result, the condition ¢(0, €) = 0 was imposed on the solution

for ¢(t,€).
Since ¥ (t, e) = Qt + ¢(t, €), it follows that

U(t,e) = <\g—> At + <\/_A> (26) [1—e 2] - <?> At
<?> At + <§> A [1%:“} . (6.2.8)
W(t,€) ~ (?) A, 0<e< 1

t—small
P(t,e) = <§> At.

—2et _ <?> A, (6.2.6)

Note that

e—0
Thus, given the nature of the approximation procedure, our results are
consistent with the properties of previous calculations.
Finally, we have for
i+ a® = —2et,

the approximate solution

x(t,€) ~ Ae  cos { (?) At + <§> A [1%;_265} } . (6.2.9)
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6.2.2 &+ x% = —ex®

We now examine the Mickens-Oyedeji solution for the cubic-damped Dufi-
ing equation. For this case
F(z,2) = —(&)> —» —(—Qasiny)?

and
3 1

F(acosi, —Qasint) = Q3a?(siny)?® = Q3a? [(Z) sin + (Z) Sin3z/1] .
Therefore,

. 3¢\ 2,3

a=—{3 Q%a, (6.2.10)

: 1 3a? 9
(B[ ) oo

If O? is selected to be 342 /4, then

o (22 (6.2.12)

a= R A 2.
and this differential equation has the solution

A

(6.2.13)

a(t,e) = .
[1+e ()"
To obtain this result, we used a(0,€) = A.
Substitution of Eq. (6.2.13) into Eq. (6.2.11) and using Q? = 34%/4,
gives

() [(e28) - () () e

where .
9A

Integrating Eq. (6.2.14) and then imposing the condition ¢(0,¢) = 0, pro-
duces the result

ot €) = <WA> t+ <@> In(1 + ft), (6.2.16)

4 43
and
U(t,e) = Qt + P(t,e) = (GA> +(%>1m(1+ﬁt). (6.2.17)

Therefore, an approximation to the solution of

i+ ad = —eid

Acos [(IA) t+ (IA) In(1 —l—ﬁt)}
VI+pt '

is

a(t) = (6.2.18)
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6.2.3 &+ x3=€(1—2%)i
The above equation is the Duffing-van der Pol equation. For this case
F(z,d) is
F(z,3) = (1 — 2%, (6.2.19)
and
F(x,&) — F(acosy, —Qasiny) = [1 — a*(cos1)?](—Qasin ).

With this result, a direct and easy calculation gives the following expres-

sions
2

i = (%) a {1 - (ﬂ , (6.2.20)

¢ = (%) [3%2 - QQ} . (6.2.21)

If Hy(a) is taken to be the polynomial in the variable a, on the right-hand
side of Eq. (6.2.20), then

A*2
7 ] =0=A"=0or2. (6.2.22)

Hy(A*) = A* [1 -

The first value, A* = 0, is the equilibrium state, while the second value,
A* = 2, corresponds to the amplitude of a limit-cycle.
Equation (6.2.20) has the solution

24
[A2 + (4 — A2)e—et]/2]
and with this result Eq. (6.2.21) becomes

- V34 | et
¢= (T) (4— A% [AQ T (4_142)6&} : (6.2.24)

Using the integral relations

/L— L In[cy + c1e]
c1+cge—t  \ecy 2 !

/ e~ tdt 1 Infer + cae=]
—— = — [ — ) In[e; + e
c1 + coe— ¢t Co€ ! 2 ’

and requiring ¢(0, €) = 0, gives the following expression for ¢(¢, €)

bt €) = (@) {<4€_A‘24 )1n[(4—A2)+A2e€t]

alt,e) = (6.2.23)
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V31n(4)

i [4—(1—¢€)A?. (6.2.25)

+In[A% + (4 - A2)e—ft]} ~

Finally, the averaging approximation of Mickens and Oyedeji applied
to the Duffing-van der Pol equation gives the following expression for the
oscillatory solutions

x(t,€) = a(t, €) cos[t(t, )],

b(t.e) = (@) 4 oft.0),

where a(t, €) and ¢(t, €) are the functions given, respectively, in Egs. (6.2.23)
and (6.2.25).

6.2.4 &+ x'/3 = —2ex

The linearly damped, cube-root TNL oscillator differential equation can be
linearized by using the following expansion for (cos8)/3 [12]

(cos0)'/3 = ay cos 0 + ay cos 30 + ag cos50 + - - - .
Therefore
23 = (acos0)Y/? = a/3(cos 0)'/3 = a'/?[a; cos§ + HOH]
= [i} (acos®) + HOH,

a2/3
and the harmonic linearization of this term is
a
/3 - {m} = 0%*a)z, (6.2.26)

with a; = 1.15960. This implies that a solution must be found for the
equation

i+ Q% (a)r = —2e, (6.2.27)
where the initial conditions are taken as
z(0)=A, x(0)=0. (6.2.28)

If in Q%(a), the a is replaced by A, then the resulting equation is a
linear, second-order differential equation with constant coefficients. The
exact solution to the equation

§+ Q*(A)y = —2¢y, (6.2.29)
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is
y(t,€) = cre” " cos { [Q%(A4) — ]1/2 t+ (b}

where ¢; and ¢ are integration constants. Therefore, to terms of order e,

= Aa ¢ = 07
and
y(t,€) = Ae=" cos {[Q(A)t} (6.2.30)
02(A) = % : (6.2.31)

and the approximation to the oscillatory solution of the linearly damped,
cube-root equation is

x(t,€) ~ y(t,e).

6.2.5 &4+ x'/% =e(1 —x?)i

This equation is the cube-root/van der Pol differential equation and the
reformulated equation to be studied is

i+ Q% =e(1l—2%)a (6.2.32)

where, for the moment, we do not indicate the particular amplitude value
upon which Q2 depends. Assuming Q2 is a constant, then a first-order
averaging method gives

da € a?
= - (5) a {1 - ﬂ : (6.2.33)
d¢
= =0, (6.2.34)
where
x(t,€) = a(t, €) cos[Qt + ¢(t, €)]. (6.2.35)

The right-side of Eq. (6.2.33) is zero for a = 0 and a = 2. As in Section 6.2.3,
a = 0 is the equilibrium state and a = 2 corresponds to a limit-cycle. These
results suggest that the angular frequency be evaluated at an amplitude
equal to two, i.e.,

02(2) = 2‘; = 0.7305. (6.2.36)
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Since the solution to Eq. (6.2.33) is known, see Eq. (6.2.23), and since

@(t,€) = 0, the combined linearization-averaging method gives the following

approximate solution

2A .8547)t

ot 6) ~ cos[(0.8547)t] '

[A2 + (4 — A2)e—<t]1/2

Let us now compare a harmonic balance calculation to the result given

by Eq. (6.2.37). For

(6.2.37)

x = Acosf, 6=0Qt,
substituted in
i+ at? = el —2?)i,

we obtain the result

2
(—Q%A + AY3a1) cos O + (eQA) {1 - AT] sinf# + HOH ~ 0.

If the coefficients of cosf and sin § are set to zero, we obtain
a1

2 _ .
0 TOA2/37

A=0or?2.
For A = 2, it follows that
2 &1
Q° = 225 = 0.7305
and
x(t) = 2 cos[(0.8547)t]. (6.2.38)

This is exactly the result obtained if ¢ is taken to be large in Eq. (6.2.37).

6.2.6 &+ x = —2e()/3

This differential equation is the “fractional damped” linear harmonic os-
cillator [13]. It is of interest to investigate the solutions to this equation
although it is not strictly speaking a TNL oscillator.

The standard first-order averaging method [3] can be applied to

P4z = —2e(i)'/?, (6.2.39)

and the following equations are obtained

d 2
d_jfl =— (2i) al/g/ (sin ) 3dp = —(eco)al’?, (6.2.40)
™ 0
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d¢

27
@w _ (L 1/3/ in )1/3 dip = 0. 6.2.41
—=—(5=)a [ (in)! /2 cosy dy (6.2.41)

2ma

For this problem
F(z,&) = —2(#)"/* — (~2)(~asin)"/3,
and [19]
(sinth)/® = cosinep + ¢ sin 3¢ + - - -
where ¢g = 0.579796. With the initial conditions
a(0,e) = A4, ¢(0,¢) =0,

the solutions of Eqs. (6.2.40) and (6.2.41) are

N 3/2
tr —t
A( ) Co<t<t

t (6.2.42)

where

3423
A (6.2.43)

Therefore, an approximation to the oscillatory solution of Eq. (6.2.39) is
the following expression

tr—1\*?
A< E > cost, 0<t<t*,

0, t>tF.

(6.2.44)

The calculations presented above demonstrate that the “fractional
damped,” linear harmonic oscillator undergoes only a finite number of os-
cillations, and these take place in a time interval equal to t*. If N(A,e€) is
the number of these oscillations, then [7, 13]

2N ~ t*

and

2/3
N(Ae) ~ 34

T Amcge

(6.2.45)
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A |\
VS Ca—
—Al-
Fig. 6.2.1 Schematic representation of the solution for Z 4+ z = —2¢(#)"/3.

6.2.7 General Comments

e Clearly, both the Mickens-Oyedeji [4] and Mickens [5] procedures pro-
vide accurate representations with respect to the overall qualitative
features of the solutions to nonconservative TNL oscillator differential
equations.

e For the TNL oscillator

F4ad=eF(r,i), 0<e<l,
a better choice for selecting Q2 is to replace it, not with Q2 = 342%/4,

but with the exact value (for e = 0)

2

A = (0.7177705) A2,

1
2F (35)
where F'(k) is the complete elliptic function of the first kind [12].
e In the worked examples, for which the Mickens-Oyedeji procedure was

applied, we did not do the calculations as presented in [4]. The cur-
rent method provides a mechanism for incorporating time dependency

2
chact

(4) =



138 Truly Nonlinear Oscillators

into the ¢(t, €) part of the phase function ¥ (t,€) = Qt + ¢(t,€). A ma-
jor consequence of this change is that (¢, ¢) now has a complex time
behavior.

e The harmonic linearization for the function g(z) is exactly what is
determined by carrying out a first-order harmonic balance calculation
for the differential equation

& +g(z) =0,
i.e., the equivalent linear equation is [1-3]
i+ Q% =0,

where

} acosf + HOH

g(z) — {90(“)] z = 0%(a)z.

e Both the Mickens-Oyedeji [4] and Mickens [5] procedures allow the
calculation of approximate values for the amplitude and angular fre-
quency of existing limit-cycles, as well as the transitory behavior in the
approach to these periodic solutions.

6.3 Cveticanin’s Averaging Method

A general and powerful extension of the Mickens-Oyedeji [4] and Mickens
[5] methods was constructed by Cveticanin [6]. This procedure starts with
the calculation of the exact angular frequency for the equation

@+ |z|*sgn(x) =0, (6.3.1)
and then uses this result to derive a first-order (in €) averaging method for
I+ |z|%sgn(x) = eF(z, ). (6.3.2)

This section presents the details of these calculations. Our presentation
follows closely the work as given in Cveticanin’s publication [6].
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6.3.1 FExact Period

Consider the TNL oscillator equation

i+ Axlz|*t =0, (6.3.3)
with the initial conditions
z(0)=A, #(0)=0, (6.3.4)
and ¢; a real constant. Note that Eq. (6.3.3) is an alternative form of
Eq. (6.3.1).
The system equations for Eq. (6.3.3) are
dr dy 5 a1
priak cyxlx|*T, (6.3.5)

and, by inspection, it follows that (Z,y) = (0,0) is the location of the
fixed-point in the two-dim (x,y) phase space.

The first-order differential equation for the trajectories, y = y(z), in
phase space is

d 2 a—1
dy _ _azlz (6.3.6)
dx Y

and this separable equation can be solved to give a first-integral for

Eq. (6.3.3), i.e.,
2 2 2
Y &1 a-+1 _ C1 Aochl
2 +<a+1>|x| <a+1> ’ (6:3.7)

where we take A > 0. Since both terms on the left-hand side are non-
negative, we conclude that Eq. (6.3.7) corresponds to a simple, closed curve
in the (x,y) phase-plane. Consequently, all solutions to Eq. (6.3.3) are
periodic [19].

The phase-space trajectory that starts at (A,0) and lies in the fourth
quadrant corresponds to one-fourth of the full, closed trajectory. Using
Eq. (6.3.7), it follows that the period is given by the expression [6, 15-18]

T(A) a+1\"2 4 dz
— = 5 —_— . (6.3.8)
4 201 0 A /Aa+l _ patl
The following change of variable
x = Au=ii, (6.3.9)

transforms Eq. (6.3.8) into the form

= ﬁ ' —u 71/211,7(%) u
T(A) <c1 2(a+1)>/0 (1—u) du. (6.3.10)
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Using the definition of the beta function [19]

1
. T'(p)T'(q)
B(p, z/ 1—w)P tu? tdy = =222 6.3.11
ro=[ a-u S (6:3.11)
where I'(2) is the gamma function [19], we find that
1 1
P=3, 9= "7 (6.3.12)
Therefore,
1-a T (l) r %
T(A) = ( e ) 2 (3 “) : (6.3.13)
cav2(a+1) T {2&_11)}
and the angular frequency is
12 (T |23
QA) = 2 e {M] M AT (6.3.14)
T(A) 2 T (%H)

To obtain this result, we used I' (3) = /7. Note that Q(A) is only defined
for o > —1.

6.3.2 Awveraging Method [6]

The averaging method of Cveticanin [6], for the TNL oscillator

i+ clalx|*t = eF(x, 1), 0<e<1, (6.3.15)
begins with the assumption that the exact solution can be written as
x(t,€) = a(t,€) cosp(t, €) (6.3.16)
where
Ot €) = / Qa)dt + (1), (6.3.17)
with (a) taken from Eq. (6.3.14). With the condition (see Appendix G)
acost —afsineg =0, (6.3.18)

the first-derivative, &, is
& = —aQ)a)sin. (6.3.19)

Substituting Eqs. (6.3.16) and (6.3.19) into Eq. (6.2.15) and carrying out
the indicated mathematical operations gives

aQsin + aaf) sin
+ aQBcosth = —eF(acosty, —afdsin), (6.3.20)
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where

V(a) = d?lia) : (6.3.21a)
and

Q(a) = Y (a)a. (6.3.21b)

Inspection of Eqgs. (6.3.18) and (6.3.20) shows that they are linear in both
a and af3. Therefore solving for these quantities provides the following

[1 n <O‘T_1> (sind))Q] a=— (6) Fsind,

aﬁ+a<a4 1>sm2z/1— (%)Fcosz/},

relations

where F' = F(acost, —af)sin). These two expressions may be rewritten
to the form

()= (%
e (2

Up to now, no approximations have been made, i.e., Egs. (6.3.22) and
(6.3.23) are the exact differential equations for a(t, €) and (¢, €). However,
in general, there is little chance that they can be solved exactly. We proceed
by observing that the right-sides of Eqs. (6.3.22) and (6.3.23) are periodic
in ¢ with period 27. Therefore, averaging over 2m, i.e.,

27
average = <%) /0 (- )dap,

gives for a and B, the relations

1) i.cos 2 — ) Fsina, (6.3.22)

1) asin 2y — ) F cos . (6.3.23)

27
P [m}/o F(acost, —aQ(a)sin) siney dip,  (6.3.24)

b =Qa) - {#ﬂ(a)} /O " Flacost, —a(a) sin ) cos v dib,  (6.3.25)

and they are to be solved for the following initial conditions

a(0,e) = A, (0,¢) = 0. (6.3.26)
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6.3.3 Summary

The averaging method proposed by Cveticanin [6] is a generalization of
the Mickens-Oyedeji procedure [4] and is a major improvement over the
Mickens combined linearization-averaging technique. It permits the direct
calculation of an approximation to the oscillatory solutions of

i+ Adrlr)* !t =eF(2,d), 0<e< 1,

by means of Egs. (6.3.24) and (6.3.25). The basis of the method is having
an exact formula for the period or angular frequency when € = 0.

Interestingly, Cveticanin does not calculate solutions for situations
where limit-cycles may exist. In the next section, we preform such de-
terminations.

6.4 Worked Examples

6.4.1 %+ x|x|* ! = —2e

The above TNL differential equation is a linearly damped, conservative
TNL oscillator. Its averaged equations for the amplitude, a(¢, €), and phase,
P(t,€), are

2¢

a=— [m} /OQW[(—)(—MQ sin )] sin ¥ dyp

_ [%} /O%(Sind,)?dy, __ (Oﬁg) a, (6.4.1)

¥ =Q(a) — [m} /0%(—)(—2(1(2 sin ) cos 1) dip
=Q(a) — (%) /0% sin cos 1 dip = Q(a), (6.4.2)

where
F(z,d) = —2& — (—2)(—aQsind). (6.4.3)
The solution to Eq. (6.4.1), for a(0,¢e) = A, is
alt,e) = Ae(a%s)t, (6.4.4)
Substituting this expression for a(t, €) into Eq. (6.4.2) gives

a—1

) = Qa) =qa 7, (6.4.5)
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where

. [(a N 1)71 12T H’Jfl)} (6.4.6)

()

or

) = [ch%l} exp {— [26(57;;)15} } . (6.4.7)

The solution to Eq. (6.4.7), subject to ¥(0,¢) = 0, is

Therefore, it follows that a first averaging approximation for the solution
to the linearly damped TNL oscillator equation is

z(t,€) = A {eXp [_ <a4f3ﬂ }

el b o )

To gauge the accuracy of the averaging method in €, we examine the
case for a = 1, i.e.,

i+ = —2ei. (6.4.10)

The exact solution is

z(t,e) = De”“ cos K@) t} , (6.4.11)

while the averaging approximation solution is, from Eq. (6.4.10), the ex-
pression

z(t,e) = Ae " cos(cit). (6.4.12)

Comparison of these two solutions shows us that the averaged derived so-
lution is correct to terms of O(e). This result is consistent with the nature
of the averaging procedure [1-3, 6].
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6.4.2 &+ z|z|* ! = —2¢(2)3

This case corresponds to a nonlinear, cubic damped, TNL oscillator. We
have

F(x, i) = —2(2)* — (=2)(—af2sin))?

3Q3
- (a > ) (3sin ¢ — sin 3v), (6.4.13)
and
2 a3
a=— {Wei%)ﬂ]/ ( > (3sinv) — sin 3¢) sin ¢ dyp
3Q2 3Q2
= sea (6.4.14)
(o +3) (a+3)
Using
Q(a) = ga"7,
we obtain
a3Q2 _ q2aoz-i-27
and
3 2
0= |:(a6—|(-13):| a2, (6.4.15)
The solution to the last equation, subject to the condition a(0,€) = A, is
A
a(t,e) = —. (6.4.16)

[1 4 3 ( ) 2A<a+1>t] o

Similarly, for v, we find
a—1

h=Q(a) =qa"7 . (6.4.17)

Since

dt 1 1
= 6.4.18
/ (1+D2t)D3 |:D2(1 —Dg):| (1+D2t)(D3_1) ’ ( )
it follows that

- (&) [
(a+3)

1\ 1z@mn
1— {1 + 3eq? ALY <Z—13) t] . (6.4.19)
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Finally, the first-order averaged solution to
i+ x|lz|* = —2¢(2)3, (6.4.20)
is
x(t,e) = a(t, €) cos (e, t), (6.4.21)
with a(t,€) and (e, t) given, respectively by Eqgs. (6.4.16) and (6.4.19).

Note that for o = 3, we have

A
a(t,e) = , 6.4.22
(. [1+ (2eq2A%)Y]Y* ( )
and
_ 2 _ 2 444,13/4
W(t,€) = {3qu3} {1 [1+ (2e42 A%)t] ]} . (6.4.23)
These results are to be compared to the finding in Section 6.2.2; i.e.,
A
a(t,e) = , (6.4.24)
()
and
V3A V3A
where
9A4

Obviously, major differences exist in the predictions of the Mickens-Oyedeji
methods [4] and the current technique [6].

6.4.3 &+ z|z|* ! =€(1l —x?)z

This equation is a modified version of the standard van der Pol oscillator
differential equation

i+ r=el—a?)i. (6.4.27)
The first-order averaged solution for Eq. (6.4.27) is [3]

2A cost 1/2
[A% + (4 — A%)e—<t]

x(e,t) = (6.4.28)
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For the TNL oscillator
i+ a7 =e(1 — 2?4, (6.4.29)
we have
F(z,3) = (1 — 2%, (6.4.30)
and

F(acosi, —aQsiny) sinp = [1 — a*(cos 1)?](—afsin ) sin )

_ (?) {1 - aﬂ LHOH.  (6.4.31)

Therefore, from Eq. (6.3.24), we have

0= (azj?)) a [1 - “ZZ] . (6.4.32)

A direct calculation for ¢, see Eq. (6.3.25) gives

—1

¥ = Qa) = gal*T). (6.4.33)
The solution to Eq. (6.4.32) is
2A

a(t,e) = 75 ) (6.4.34)
72
{424 @- a2 exp [~ (5) 1]}
and substituting this function for a(t, €) into Eq. (6.4.33) gives
b = [q(2A)"T’1 ! . (6.4.35)

(=)

4

{A2 + (4 — A2)exp [— (Q—H) t} }

In general, this equation cannot be integrated in closed form for arbitrary
values of a. However, for a = 1, i.e., the standard van der Pol equation

with ¢; = 1, the result given by Eq. (6.4.28) is found. Also, one consequence
of Eq. (6.4.34) is

tLim a(t,e) = 2. (6.4.36)
This implies that for large ¢, the oscillatory solutions to Eq. (6.4.29) ap-

proach a stable limit-cycle having amplitude a(oo, €) = 2. Further, for large
t, it follows from Eq. (6.4.33) that the phase is
Wt €) = {qQ(%)} t. (6.4.37)

Fora=3and ¢y =1, ie.,

i+ =e(l —2?)i, (6.4.38)



Averaging Methods 147

we have
x(t,€) e 2 cos(1.6954426 t) (6.4.39)
arge
where
VorT (2
q= ”71(4) = (0.8477213).
(1)

This result is to be compared to the value derived from first-order harmonic
balance

zrp(t,e) — 2cos(V3t) = 2cos(1.7320508t). (6.4.40)

t large

6.5 Chronology of Averaging Methods

The 1943 book by Krylov and Bogoliubov [1] was the first public description
of the first-order averaging method. Following the 1985 article by Mickens
and Oyedeji [4] on the construction of an averaging procedure for the TNL
oscillator equation

i+ a3 = eF(x, ), (6.5.1)
a number of researchers created a broad range of related, but general-

ized techniques for investigating the non-steady state solutions of oscillator
equations taking the form

@+ g(x) = eF(z, 1), (6.5.2)
where g(x) can be
x3,
ba3,
gla) — 0T (6.5.3)
x|z,
etc

(6.5.4)

etc.

The following is a partial chronological listing of some of the significant
publications on this topic:
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1. N. Krylov and N. Bogoliubov, Introduction to Nonlinear Mechanics
(Princeton University Press; Princeton, NJ; 1943).

2. R. E. Mickens and K. Oyedeji, “Construction of approximate analytical
solutions to a new class of nonlinear oscillator equation,” Journal of
Sound and Vibration 102, 579-582 (1985).

3. S. B. Yuste and J. D. Bejarano, “Construction of approximation analyt-
ical solutions to a new class of nonlinear oscillator equation,” Journal
of Sound and Vibration 110, 347-350 (1986).

4. S. B. Yuste and J. D. Bejarano, “Improvement of a Krylov-Bogoliubov
method that uses Jacobi elliptic function,” Journal of Sound and Vi-
bration 139, 151-163 (1990).

5. V. T. Coppola and R. H. Rand, “Averaging using elliptic functions:
Approximation of limit cycles,” Acta Mechanica 81, 125-142.

6. Z. Xu and Y. K. Cheung, “Averaging method using generalized har-
monic functions for strongly nonlinear oscillators,” Journal of Sound
and Vibration 174, 563-576 (1994).

7. S. H. Chen, X. M. Yang, and Y. K. Cheung, “Periodic solutions of
strongly quadratic nonlinear oscillators by the elliptic perturbation
method,” Journal of Sound and Vibration 212, 771-780 (1998).

8. L. Cveticanin, “Analytical methods for solving strongly nonlinear dif-
ferential equations,” Journal of Sound and Vibration 214, 325-338
(1998).

9. A. Chatterjee, “Harmonic balance based averaging: Approximate real-
izations of an asymptotic techniques,” Nonlinear Dynamics 32, 323-343
(2003).

10. L. Cveticanin, “Oscillator with fraction order restoring,” Journal of
Sound and Vibration 320, 1064 (2008).

The majority of the above studies focus on cubic nonlinearities, i.e.,

#+ar +br® = eF(zx,7), 0<e<1, (6.5.5)
where (a,b) are constants. Since the differential equation
i+ ax +bx® =0, (6.5.6)

can be exactly solved in terms of Jacobi elliptic function [20, 21], several of
the averaging formulations are based on procedures which perturb off these
functions.

Finally, the large investment in efforts to study cubic systems arises
because such functions readily occur in the mathematical modeling of a
broad range of systems appearing in the natural and engineering sciences
[22-24].
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6.6 Comments

e Truly nonlinear oscillator equations
i+g(x) =el(z,2), 0<e<1, (6.6.1)

have solutions where amplitudes and angular frequencies depend on
time. In addition to purely dissipative systems, for which the ampli-
tude decreases monotonously to zero, other dissipative systems may
possess limit-cycles. Clearly, harmonic balance, parameter expansion,
and iteration procedures cannot be used to capture the transient behav-
ior of the solutions. This fact demonstrates the importance of having
averaging methods for calculating these oscillator behaviors.

e The Krylov-Bogoliubov method was derived for application to standard
nonlinear oscillator differential equations having the form [1-3]

i+x=cF(x,d), 0<e<l. (6.6.2)

However, in its original form, this method cannot be directly applied to
TNL oscillator differential equations, such as that given in Eq. (6.6.1).
The first major generalization of the Krylov-Bogoliubov method was
done by Mickens and Oyedeji [4]. However, their work focused only on
the class of TNL equations for which g(x) was a pure cubic expression,
ie., g(x) = 23 and

i+ad=eF(x,i), 0<e<l. (6.6.3)

For this procedure, a major issue is the selection of the angular fre-
quency, 2 [4]. One possibility is to use a harmonic balance approxi-
mation for 2. A second possibility is to replace Q by its exact value
(when this is known) for the conservative portion of the equation, i.e.,
the resulting differential equation for ¢ = 0. In any case, the structure
of the assumed solution is

2(t, ) = alt, €) cos Y(t, ),
Y(t,e) = Qt + o(t, ),
where the approximations to the amplitude and phase functions satisfy

the following two first-order differential equations (see Egs. (6.1.10) and
(6.1.11))

(6.6.4)

2m

i=~(5rq) [ Flacosy,~Qasing)sing d, (6.6.5)

-
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2

- ( < ) / F(acos, —Qasin) cos ) di, (6.6.6)
21Qa 0

where it should be understood that §2 is a function of a, i.e., Q = Q(a).

If F(z, ) has the form

F(z,2) = Fy (2%, %), (6.6.7)

then the integral in Eq. (6.6.6) is zero and the relation involving ¢

becomes
. 1 3a?

The procedure for calculating a(t, €) and ¢(t, €) now becomes:

i) Carry out the integration in Eq. (6.6.5) to obtain
a = eH(a). (6.6.9)

ii) Solve this first-order differential equation for a = a(t, €), with a(0,€) =
A.

iii) Substitute a(t,€) into the right-hand side of Eq. (6.6.8) and solve for
¢(t,e). With

Y(t,e) = Qt + o1, €),

and require ¥(0,€) = 0.

iv) Substitution of these functions into the first of Eq. (6.6.4) gives a
first-order averaging solution to Eq. (6.6.3) according to the Mickens-
Oyedeji procedure. (Note that the above implementation of the
method differs from the original presentation [4].)

e The Mickens combined linearization-averaging method [4] is only ex-
pected to provide the general qualitative features of the solutions for
TNL oscillators. Its use should be restricted to situations where only a
quick, overall knowledge of the system’s behavior is required.

e Finally, the Cveticanin methodology [6] is the proper generalization of
the original Krylov-Bogoliubov first-order, averaging method [1, 2]. An
advantage of this procedure is that it provides a clear and unambiguous
set of rules for calculating approximations to the oscillatory solutions
of TNL differential equations expressed in the form

i+ czlz|*! = eF(x, ). (6.6.10)
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Problems

6.1

6.2

6.3

6.4

6.5
6.6
6.7

6.8
6.9

6.10

6.11

Show that if
F(x,%) = Fy(x,3?),
then

27
/ F(acos, —af)sin) cosyp = 0.
0

Derive Eq. (6.1.7) and, Egs. (6.1.8) and (6.1.9). Use these results to
obtain Egs. (6.1.10) and (6.1.11).
Apply the Bejarano-Yuste elliptic function perturbation method to the
equations

i+ 2® = —2ei

i+ 2% = —2¢i?

i+a2®=e(l—2H)i.

See [8].
Calculate harmonic linearizations for
L1/3
o) = { o+ a1
x4 3.

Plot the corresponding 2%(a) versus a.

Does 2~ /3 have a harmonic linearization? If so, calculate it. If not,
provide an explanation for its non-existence.

Solve Eq. (6.2.6) to obtain the solution given in Eq. (6.2.7).

Calculate ¢(t, €) for the differential equation given by Eq. (6.2.14).
Solve for a(t,€) and ¢(t,€) from Egs. (6.2.20) and (6.2.21).

For

i+ cizlz|* = e(1 — 2,

why are the amplitude differential equations the same for all allowable
values of a for the Cveticanin [6] or Mickens [5] methods?
Consider the equation

i+ x=—2€(x)"3.

Can a physical reason be provided to explain why the oscillatory be-
havior stops after only a finite number of oscillations?
Derive the Fourier expansion of (sin)'/3. See Mickens [19].
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6.12
6.13
6.14
6.15

6.16

6.17

6.18
6.19

6.20

Truly Nonlinear Oscillators

What is the harmonic linearization of (i)'/3?
Derive the result in Egs. (6.2.42) and (6.2.43).

Explain in detail the reasoning that leads to Eq. (6.2.45).
Is the following relationship
z|z|*! = |2|“sgn,

always correct?

Derive Eq. (6.3.10) from Eq. (6.3.8), and show that ((A) has the value
expressed in Eq. (6.3.14).

Show that the result for 2(A), as presented in Eq. (6.3.14), holds only
for o > —1.

What is the purpose of the restriction given in Eq. (6.3.18)7

Apply the Cveticanin method to

i 4= —2¢(2)3.

Compare this solution to the one obtained from the standard first-order

/ dt
[a 4+ be—ct] r

where (a, b, ¢, f) are constants, be exactly integrated? See Eq. (6.4.35).

averaging method.
Can the integral
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Chapter 7

Comparative Analysis

7.1 Purpose

In this final chapter, we consider six of the studied TNL oscillator equations
and compare results obtained by all of the methods that were used to
calculate approximations to their periodic or oscillatory solutions. Two of
the equations are conservative and are given by the following expressions

i+a® =0, (7.1.1)

i+ z/3=0. (7.1.2)

For both equations, we can calculate the exact values of the angular fre-
quencies. Consequently, one measure of the accuracy or quality of a given
method is the difference between the exact value of the angular frequency
and that determined using the approximation procedure. The initial con-
ditions for Egs. (7.1.1) and (7.1.2) are taken to be

z(0) = A, @(0)=0. (7.1.3)

The other four differential equations are non-conservative. Two of the
equations have linear damping, i.e.,

i+ xd = —2ed, (7.1.4)

i 4 xt/3 = —2et, (7.1.5)
while the other two have van der Pol type dissipation, i.e.,

i+ =e(l —2?)i, (7.1.6)
i42t/3 =e(l - 2?)i. (7.1.7)

155
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For all four cases, the parameter € is assumed to be small, i.e.,
0<ex 1. (7.1.8)

In general, the solutions for Egs. (7.1.4) and (7.1.5) are expected to oscillate
with amplitudes that decrease in magnitude with increasing time. However,
the behavior of solutions for Eqs. (7.1.6) and (7.1.7) will depend on the
initial conditions since both have stable limit-cycles [1, 2]. Consequently,
in the (z,y) phase-space, for initial conditions that lie interior to the closed
curve corresponding to the limit-cycle, the trajectories will spiral out to
the periodic limit-cycle, while the opposite behavior will occur for initial
conditions outside the limit-cycles [1, 2].

For comparison, we consider the approximations to the periodic solu-
tions for the TNL cubic and cube-root conservative oscillators, Eqgs. (7.1.1)
and (7.1.2), the methods of harmonic balance, parameter expansion and it-
eration. For the cubic nonconservative oscillators, Eqgs. (7.1.4) and (7.1.5),
we compare the solutions determined from application of the Mickens-
Oyedeji [3], Mickens [4], and Cveticanin [5] procedures. However, for
the cube-root, nonconservative oscillators, only the combined linearization-
averaging [5] and Cveticanin [5] methods are examined.

This chapter ends with some general comments on TNL oscillators and
a list of several unresolved research problems.

72 &4+x22=0

7.2.1 Harmonic Balance

The first and second order direct harmonic balance methods give, respec-
tively, the following expressions for the periodic solutions (see Section 3.2.1):

First-Order HB
x1(t) = Acos(Qt), (7.2.1)

Qy(A) = (§>1/2A. (7.2.2)

xo(t) = (%) [cos(2at) + 2z cos(3002t)], (7.2.3)

V1424222

112 = M (A)g(2), (7.2.4)
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2 = 0.044818. (7.2.5)

The periods derived from these calculations are (T' = 27/Q)

| 7.4163

7.2554 7.4016
Texact(A) - A 9 =

N(A) =55, BA) ==, (7.26)

and they have the following percentage errors

Toxact - T2
Texact

100 = 0.20%.  (7.2.7)

‘ Tcxact - Tl
Texact

-100 = 2.2%, ‘

As expected, the higher-order harmonic balance evaluation produces the
more accurate estimate for the period or angular frequency. In fact, the
second-order harmonic balance has a percentage error smaller than a factor
of ten in comparison to the first-order calculation.

Another feature of the direct harmonic balance technique, in particular
as applied to this equation, is that the k-th order approximation contains
(3% +1)/2 harmonics. Thus, there is a very rapid increase in the number
of algebraic and trigonometrical operations with k. A major difficulty with
harmonic balancing, for £ > 2, is the need to solve systems of coupled, non-
linear algebraic equations. However, our calculations clearly show that the
second-order harmonic balance results provide an accurate approximation
to the periodic solution.

The rational harmonic balance approach (see Section 3.4.1) was applied
to the pure-cubic Duffing equation with the following results obtained:

Rational HB
(0.909936) A cos[Qrupt]

t) = 7.2.8
run () = T3 090064) cos2nnnl] (7.2.8)
Qrup(A) = (0.847134) A, (7.2.9)
Texa =1
percentage error = ‘;7% 100 = 0.01%. (7.2.10)
exact

These results indicate that the rational harmonic balance procedure gives
a very good estimate for the angular frequency (or period) and its repre-
sentation, as shown in Eq. (7.2.8), provides contributions to the periodic
solution from all the relevant harmonics.
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7.2.2 Parameter Expansion

The parameter expansion calculation for the periodic solution is given in
Section 4.2.1. To order p, with p set to one in the final results, we found

zpr(t) = A [(g) cos(Qprt) + (2—13> cos(3QpEt)] : (7.2.11)
Qpr(A) = G)UQA. (7.2.12)

Note that to order p, the angular frequency is the same as that obtained in
the first-order harmonic balance calculation, i.e., from Eq. (7.2.2), we have
on comparison with Eq. (7.2.12), the result

3\ 1/2
Qpr(4) = Q1(A) = <Z> A. (7.2.13)
If we further compare Eq. (7.2.3) and Eq. (7.2.11), and observe that
1
=0.044818 =~ — 7.2.14
: = (7.214)

then it follows that the O(p) solution obtained from the parameter expan-
sion method is (essentially) the same as that derived from the second-order
harmonic balance procedure, provided we replace 25 by Qpg.

7.2.3 Iteration

Three approximations were calculated using the direct iteration method;
see Section 5.2.1:

Zero-Order
3\ 1/2
xo(t) = Acos(Qot), Qo(A) = (Z) A; (7.2.15)
First-Order
23 1
x1(t) = A {(ﬂ) cos(Qot) + (2—3> cos(3Qot)} ; (7.2.16)
Second-Order
wa(t) = A{(0.955) cosf + (4.29) - 1072 cos 30 + (1.73) - 1073 cos 50

+(3.60) - 107" cos 70 + (3.13) - 10~ " cos 99}, (7.2.17)

0=y (A, (7.2.18)
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where Qexact(A), Q0(A), and Q;(A) are listed below with their respective
percentage errors:

Qexact (A) = (0.84723) A,
Qp(A) = (0.866025) A, % error = 2.2, (7.2.19)
Q1(A) = (0.849326) A, % error = 0.2.

A calculation was also performed by application of the extended itera-
tion method; see Section 5.3.1. The results obtained for this case are:
Extended Iteration

e 1zo(t) and z(t) are exactly the expressions given by Eqgs. (7.2.15) and
(7.2.16).

e 15(t) is now

13,244 595 23
D o — 30 50
z2(t) (12,672) o8 (12,672) cos 30+ (12,672) cosOn
(7.2.20)

1/2
0 = Qui(A)t, Qpi(A) = (%) A = (0.84699) A, (7.2.21)

and the percentage error for Qgy(A) is 0.03%.

A comparison of the direct and extended iteration procedures leads to
the following general conclusions:

(i) At the k-th level of iteration, the direct iteration procedure produces
a solution zj(t) containing (3¥ + 1)/2 harmonics, while the extended
iteration method gives a solution having only £ + 1 harmonics. There-
fore, from the standpoint of computational effort, extended iteration
has an advantage in comparison to the direct iteration method.

(ii) For either iteration procedure, the magnitude of the coefficients for the
higher harmonics decrease rapidly; in fact, their decrease is consistent
with an exponential fall off in values.

(iii) The extended iteration procedure, at the k = 2 level, gives the better
estimate for the angular frequency, i.e., 0.03 percentage error versus 0.2
percentage error.

7.2.4 Comments

Three procedures, along with refinements, were applied to the calculation
of approximations to the periodic solutions and the associated angular fre-
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quencies for the purely cubic Duffing equation
i+a®=0.

The two methods producing the more accurate solutions were the rational
harmonic balance (Section 3.4.1) and the extended iteration (Section 5.3.1)
techniques. They have the additional advantage, in comparison to the other
procedures, of being computationally efficient.

73 &4+x/3=0
7.3.1 Harmonic Balance
The cube-root TNL oscillator
i4zt/3 =0, (7.3.1)

was studied using two different first-order harmonic balance procedures.
For the first calculation, Eq. (7.3.1) was used, while for the second, the
following expression was employed (see Section 3.2.4)

(@) +z=0. (7.3.2)
The corresponding solutions, angular frequencies, and percentage errors
found were
xﬁ%l(t) = Acos[le)t],
. 1y _ 1076844
Eq. (7.3.1) : V= (7.3.3)
% error in QY = 0.6%;
22, () = Acos[QP],
. (2)  1.049115
Eq. (7.3.2) : o) = — (7.3.4)
% error in Q% = 2.0%;
where
1.070451
chact (A) = (735)

Al/3
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Second-order harmonic balance can only be applied to Eq. (7.3.2), and
carrying out this procedure gives
A
zup2(t) = (—1 n z) [cos 6 + z cos 30]

1.063410
9 = Qg(A)t, QQ(A) = W 5

% error in Qs(A) = 0.7%.

(7.3.6)

1
— 0019178 ~ — .
i 52

Clearly, the second-order harmonic balance produces a very accurate value
for the angular frequency. Note that the coefficient of the third harmonic
is only about 2% of the mangitude of the first-harmonic.

To obtain the results, for the second-order harmonic balance application,
two coupled, cubic algebraic equations had to be solved. Since one of
the equations was homogeneous, of degree two in the variables, this made
finding the required solutions easier.

7.3.2 Parameter Expansion

Section 4.2.4 contains the calculations for an order-p determination of the
solution to the cube-root equation. We found the following results

rpE(t) = (g) A [cose - (2—15> 60839} :

4>1/6 1 1.070451 (7.3.7)

0 =Qpgt, Qpp(4)= <§ A8 T A3 0

% error in Qpg(A) = 2%.
These quantities were determined from the use of the following p-method
reformulation of the cube-root equation:
i+ Q% = pli — Q%(2)3). (7.3.8)
If however, we use
0-%+1-2=—p()?> (7.3.9)

then a completely different, “unphysical solution” is found; see Sec-
tion 4.2.4, Eq. (4.2.57). This finding implies that we need to be very careful
in the formulation of TNL differential equations for which the p-expansion
will be applied.



162 Truly Nonlinear Oscillators

7.3.3 Iteration

The zero- and first-order iteration solutions and angular frequencies, based
on the method of direct iteration are (see Section 5.2.5):

First-Order Iteration

xo(t) = Acos(Qot), (7.3.10)

A\ 1 10491151
Qo(A) = (§> = (7.3.11)
% error in Q(A) = 2.0%. (7.3.12)

Second-Order Iteration

1= (Z) afeoso- (L)wsd] . (rong

1.041427
% error in Q;(A) = 2.7%. (7.3.15)

Several issues should be noted from these calculations. First, the value
of the angular frequency is slightly better for the first-iteration solution in
comparison to that found by the second-iteration. This result may indicate,
for this particular TNL oscillator, that higher-order iterative solutions may
not be reliable. Second, the different methods of calculating approximations
to the periodic solutions of TNL oscillator equations may give exactly the
same results for the solution functions, but provide different estimates of
the angular frequencies. In particular, see the first of Egs. (7.3.7) and
Eq. (7.3.13), and the second of Egs. (7.3.7) and Eq. (7.3.14).

7.3.4 Comment

The discrepancies between the three methods used to approximate the pe-
riodic solutions of the cube-root equation may occur because z'/3
analytic at = 0. This means, in particular, that such derivatives do not
exist for d"a/dt™, if n > 3. Overall, the harmonic balance method appears
to be the better procedure in comparison with both parameter expansion
and iteration methods.

is not
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7.4 &+ x3 = —2ed

We now study a linearly damped TNL oscillator. This equation is
F+ad =2z 0<e<]l, (7.4.1)

and corresponds to a linearly damped, pure cubic, Duffing differential equa-
tion. We examine the approximations to the solutions using both the
Mickens-Oyedeji [3] and the Cveticanin [5] procedures. Note that both
methodologies are based on the requirement that the parameter € is very
small [3, 5, 6]. A brief discussion of the calculations derived from the com-
bined linearization-averaging technique is also provided.

7.4.1 Mickens-Oyedeji

The approximation to the damped oscillatory solution to Eq. (7.4.1) takes
the form (see Section 6.2.1)

x(t) ~ a(t, €) cos(t, €), (7.4.2)
where
a(t,e€) = Ae™, (7.4.3)
1— —2et
b(t,€) = V3N g (VB a4l (7.4.4)
4 4 2¢
To obtain these results, the initial conditions were selected to be
a(0,e) = A, (0,¢) = 0. (7.4.5)
If we define a time-dependent angular frequency as
t, A
Qt, A, e) = M , (7.4.6)

where (t, A, €) is the function in Eq. (7.4.4), then
. QQ(A) 1 —e 2t
A= [BA] L2
where
3\ 1/2
Qo(A) = (Z) A, (7.4.8)

is the approximation to the angular frequency when ¢ = 0, i.e., it is the
value calculated using harmonic balance for the equation

i+ =0. (7.4.9)
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From Eq. (7.4.7), it follows that Q(¢, 4, €) has the properties

Ot A, €) = Qo(A) — {%] t+0(t2), (7.4.10)
t small
Q(A)  [Q(A)] (1
Q(ttl,ai,ce) ~ 02 + { 046 } (Z) (7.4.11)

Figure 7.4.1 gives a plot of Q(t, A, €) versus ¢, for fixed A and e.

Q(t, A e)

Q2(A)

Qo(A)
2

t

Fig. 7.4.1 Plot of Q(t, A, €) versus ¢, for the linearly damped, pure cubic Duffing equa-
tion. Qo(A) = (%)1/2 A.

One of the important predictions coming from Eq. (7.4.7) is that the
apparent period of the damped, oscillatory motion should increase with
time. To see this, define the period T'(¢, A, €) to be

27
T(t, A e) = m . (7.4.12)
Since Q(T, A, €) decreases from Qy(A) at t = 0, to the value Qy(A)/2 for
large times, it follows that T'(¢, A, €) is an increasing function of the time.

Figure 7.4.2 gives a plot of z(t) versus t. Two important features of
this graph are the smooth decrease of the amplitude and the increase of
the period of the oscillations with increasing time. Both properties are
consistent with the predicted features coming from the calculations based
on the Mickens-Oyedeji method [3].
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15 a0 45 60 k]

Fig. 7.4.2 Plot of the numerical solution of & + x3 = —2ei for ¢ = 0.01, x(0) = 1 and
z(0) = 0.

7.4.2 Combined-Linearization-Averaging
The combined-linearization-averaging (CLA) method replaces Eq. (7.4.1)

F+ad= -2z 0<e<]l,

by
&+ [Qo(A)r = —2ed, (7.4.13)
where
1/2
Qo(A) = (%) A. (7.4.14)

Equation (7.4.13) is solved under the assumption that its solution fulfills
the following initial conditions

z(0) = A, (0)=0. (7.4.15)
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Since Eq. (7.4.13) is a linear differential equation, its solution can be
easily calculated and is found to be (to terms of order ¢; see Eqgs. (6.2.29)

to (6.2.31))
3\ 1/2
z(t,€) ~ Ae " cos l(z) At

Comparison with Egs. (7.4.3) and (7.4.4) shows that the amplitude func-
tions have exactly the same behavior, but the phase expressions differ. In

. (7.4.16)

particular, the CLA method gives only a constant angular frequency. This
is consistent with our previous observation, see Section 6.2.7, where it was
remarked that in general the CLA procedure only provides general quali-
tative features of the oscillatory motion.

7.4.3 Cwveticanin’s Method

For the linearly damped, pure cube Duffing equation, o = 3 in the frame-
work of Cveticanin’s method; see Section 6.4.1. Therefore, from Eqs. (6.4.4)
and (6.4.8), we have

alt,e) = Ae= (%), (7.4.17)
3\ [v2rr (3)] [1—e (5
P(t,e) = (5) l I‘(i) . A. (7.4.18)
Note that
VerlD (3
Lim y(t,¢) = llfT)@) At = Q(A)t = (0.84721) At, (7.4.19)
e— 1
and, also
Y(t,e) = (0.84721) At. (7.4.20)
t small
If the effective, time-dependent angular frequency is defined as
(A 3\ [1—e (%)
Qt, Ae) = " =Q(A) 5 " , (7.4.21)
then Q(t, A, €) has the properties
Q(t, A,0) = Q(A),
Qt,Ae) >0 fort >0,
3\ (1 (7.4.22)
o800 (5:) (7).
dQ(t, A, e) <o,

dt
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and it follows that Q(t, A, €) monotonically decreases to zero as t — oo,
from the value ©(0, A, e) = Q(A) at ¢ = 0. One consequence of this result
is that the corresponding, time-dependent effective period, see Eq. (7.4.12),
monotonically increases as t — co. Figure 7.4.2 illustrates this prediction.

7.4.4 Discussion

The Mickens-Oyedeji and Cveticanin averaging methods both give the same
general properties of the solutions to the linearly damped, pure cubic-
Duffing equation. However, they make different predictions with respect
to the detailed time dependencies of the amplitude and phase. Table 7.4.1
summarizes these distinctions.

The Mickens combined-linearization-averaging technique only provides
the correct qualitative features of the damped oscillations.

Table 7.4.1 Comparison of the amplitude and effective angular
frequencies for the linearly damped, pure cubic, Duffing oscillator.

a(t, A, e) Q(t, Ae)
_ p,—2et
Mickens-Oyedeji* | Ae~ ¢ {M} {1 + {L} }
2 2et
. —e(F)
Cveticanin** Ae—(F) Q(A) 1627%
()¢

*See Egs. (7.4.3) and (7.4.5).
**See Eqgs. (7.4.17) and (7.4.21).

7.5 &+ xl/3 = —2ex

7.5.1 Combined-Linearization-Averaging

This method gives the following approximation for the linearly damped,
cube-root oscillator

z(t,€) ~ Ae " cos[Q(A)t], (7.5.1)

D2 (A) = —— (7.5.2)
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where a1 = 1.1595952669 . . .. From Eq. (7.5.1) it follows that the amplitude
decreases exponentially to zero and the phase, i.e., ¥(t,e) = Q(A)t, is a
linear function of time.
Figure 7.5.1 presents a plot of the numerical solution for
i+ 23 = 2,

for e = 0.01, 2(0) = 1 and #(0) = 0. Examination of the graph indi-
cates that it exhibits all the qualitative properties of the function given in
Eq. (7.5.1)

1. T T T T

| AL
I

Fig. 7.5.1 Plot of the numerical solution of &4 z'/3 = —2ei for e = 0.01, 2(0) = 1 and
z(0) = 0.

7.5.2 Cwveticanin’s Method
Applying Cveticanin’s method to the case a = %,

expressions, respectively, for the amplitude and phase:

a(t, &) = Aexp {_ (%)} , (7.5.3)

M] , (7.5.4)

we find the following
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Fig. 7.5.2 This graph is the same as that in Figure 7.5.1, except that the interval in
time is twice as long.

where

Q(4) = (g)m LE %g (A}/g) = 11';)17/28. (7.5.5)

Observe that the phase function, ¥(, €), is an exponentially increasing func-

tion of time.
Denoting 1 (t, A,€) = (¢, €), then the effective angular frequency is
defined to be

QA e = YEAD g l%] . (7.5.6)
5

t ()¢

Similarly, the effective period is

T(t, Ae) = w(fz,e) - [92(7;1)}

2
exp((g_éz)t_ 1] . (7.5.7)
5

One consequence of this last formula is that T'(t, A, €) will decrease from
21 /Q(A) at t = 0, to the value zero as t — oo. Another result is that the
distance between neighborhood peaks of the oscillatory motion will also
decrease with time. Figure 7.5.2 illustrates both phenomena.
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7.5.3 Discussion

Our work on applying the combined-linearization-averaging (CLA) and
Cveticanin methods to the linearly damped, cube-root oscillatory clearly
demonstrates the superiority of the latter procedure. While the CLA
method gives the essential features of the solutions, it does not include
the important property of the decrease of the distance between neighbor-
ing peaks with increase of time as shown in the graphs of the numerical
solutions. Our conclusion is that for this TNL oscillator the Cveticanin
method is the better technique.

7.6 &+ x3=¢€(1—x?)i

7.6.1 Mickens-Oyedeji
For the pure cubic Duffing type van der Pol equation
et =e(l—2%)i, 0<e<l, (7.6.1)

the amplitude based on the Mickens-Oyedeji procedure (see Eq. (6.2.23)),

1S
2A

[A2 + (4 — A2)e—et]/2

alt,e) = (7.6.2)

Note that
Lim a(t,€) = 2, (7.6.3)

t—o0
a result that holds for any value of z(0) = A. This fact implies that
Eq. (7.6.1) has a limit-cycle solution such that regardless of the initial
conditions the amplitude asymptotically approaches the value a. = 2.
The corresponding expression for the phase (see Eqgs. (6.1.2) and
(6.2.25)) is

P(t,e) = <§> At + <\/§A> {(4;4? > In [(4 — A%) 4+ A%

V3In(4)
4eA

+1n [A® + (4 — A%)e™] } — [4—(1-e4%].

(7.6.4)

This relation for (¢, €) has the property that the phase depends on the
initial value, z(0) = A, for all ¢ > 0. However, a defining feature of limit-
cycles is that the associated phase, as ¢ — o0, is independent of the initial
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conditions. Therefore, we must conclude that the Mickens-Oyedeji method
does not provide an appropriate solution for Eq. (7.6.1),

x(t) ~ a(t, €) cos(t, €), (7.6.5)

if a(t, €) and ¥(t, €) are given by Egs. (7.6.2) and (7.6.4).

7.6.2 Cwveticanin’s Method

From Section 6.4.3, with @ = 3, we find the following expression for the
amplitude function

2A
a(t,e) = . 73 (7.6.6)
{A2+ (41— A)exp [ () 1]}
and a(t, €) has the property
tLim a(t,e) = 2. (7.6.7)
The derivative of the phase function is
2qA
b= - —. (7.6.8)
{42+ (- A)exp [- (5) 1]}
For large t, ¥(t, €) is given by
P(t, ) ~ (2q)t. (7.6.9)
Using
VerD (3
gla=3) = ”71@ = 0.8477213, (7.6.10)
(1)
we calculate (¢, €) to be
b(t,€) ~ (1.7320508)t. (7.6.11)
Therefore, using Cveticanin’s procedure, we obtain
2(t,€) — 2cos(1.6954426)t. (7.6.12)

large t
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7.6.3 Discussion
If first-order harmonic balance is applied to Eq. (7.6.1), we find
xuB(t) = 2cos(V/3t) = 2cos(1.7320508)t. (7.6.13)

This follows from the fact that the harmonic balance angular frequency is
V3
QHB(A)’A:Q = <7 A‘A:Q = \/g (7614)

Thus, the percentage error between the angular frequencies from the Cvet-
icanin method, Eq. (7.6.11), and harmonic balance, Eq. (7.6.13), is about
2%.

In summary, the Cveticanin procedure is the appropriate averaging
method to apply to the pure cubic Duffing type van der Pol equation. Of
the three averaging methods (Mickens-Oyedeji [3], Mickens [4], and Cveti-
canin [5]), it is the only one to produce all of the expected features of the
limit-cycle solution.

Figures 7.6.1 and 7.6.2 give numerical solutions of the cubic Duffing
type van der Pol oscillator, i.e., Eq. (7.6.2), for two different sets of initial
conditions. The graphs of Figure 7.6.1 correspond to z(0) = 4, y(0) =
dxz(0)/dt = 0, and € = 0.1; while for Figure 7.6.2, we have z(0) = 0.1,
y(0) =0, and € = 0.1.

In Figure 7.6.1, the initial condition, x(0) = 4, is larger than the value
of the limit-cycle amplitude. Therefore, x(t) oscillates with decreasing am-
plitude down to the limit-cycle value. The opposite situation occurs in Fig-
ure 7.6.2. For this case the initial condition is smaller than the limit-cycle
amplitude and z(t) oscillates with increasing amplitude, approaching the
limit-cycle behavior from below. Note that Figure 7.6.2 clearly illustrates
the time dependent nature of the angular frequency.

Inspection of both Figures 7.6.1 and 7.6.2 shows that the limiting value
of the amplitude determined from the numerical solution is less than two,
ie.,

Lim a(t,€) < 2.

t—o0
However, the predicted value from the Cveticanin procedure is two. The
resolution of this issue is based on the fact that the first-order averaging
method only provides estimates for the amplitude and phase up to terms
of order € [1, 6, 8].
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Fig. 7.6.2 Numerical solution of Eq. (7.6.2) for (0) = 0.1, y(0) =0, and € = 0.1.
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7.7 i+ 23 =€l —2?)i

Since the combined-linearization-averaging (CLA) method [4] only provides
a qualitative description of the general features of solutions to dissipative
TNL oscillators, we will not discuss it as applied to the above differential
equation. However, within the framework of the Cveticanin procedure [5],
see also Section 6.4.3, we have for

P42t =e(1-a%)i, 0<e<x1, (7.7.1)
the following expression for the amplitude
2A

a(t,e) = (7.7.2)

{4+ (- e [- (%)}
This function has the property
tLim a(t,e) = 2. (7.7.3)

The derivative of the phase is

Bt €) = {W] {A2 (4 A?)exp [_ <%> t} }1/6 . (7.74)
and for large ¢ it becomes
o (gt5) - () ()" [rlf] - oo

One consequence of the last expression is that

W(t,€) ~ (214’/3) t = (0.849617)t. (7.7.6)

The results from Eqs. (7.7.3) and (7.7.6) imply that the cube-root van
der Pol equation has a limit cycle solution such that for arbitrary initial
conditions all solutions approach a closed path of the (x,y = &) phase-plane
having an amplitude of value two and an angular frequency given by the
coefficient of ¢ in Eq. (7.7.6). These results are in agreement with those
determined by other methods [7].

7.8 General Comments and Calculation Strategies

Sections 7.2 to 7.7 have given brief overviews of the results from determining
approximations to the oscillatory solutions for six model TNL oscillators.
This section provides a general summary of these findings and suggest a
strategy for carrying out calculations on this class of nonlinear oscillator
differential equations.
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7.8.1 General Comments

(A) Given a particular TNL oscillator differential equation, the first goal
is to show that it has periodic solutions. Five possible cases may occur.
The following is a listing of these cases, along with a representative TNL
equation

1) All solutions are periodic,

i+ 2% =0. (7.8.1)
2) Some solutions are periodic,
i+ (1+2)z/? = 0. (7.8.2)
3) Oscillatory solutions exist,
¥4 = —2ed. (7.8.3)
4) A limit-cycle occurs,
i42'3 =e(1 - 2?)i. (7.8.4)

5) No oscillatory or periodic solutions exist,
i—ax®=0. (7.8.5)
For most cases, the use of phase-space analysis will provide the required
proof or non-proof of either periodic or oscillatory motions; see Chapter 2.
(B) The application of a particular calculational method to determine
solutions must be preceded by the transformation of the original TNL dif-

ferential equation into one appropriate for the method. For example, the
equation

P4z =0,

cannot be used for a second-order harmonic balance analysis. It must first
be placed in the form

(i)* +x =0,

before the harmonic balance method can be applied. Likewise, for an iter-
ation calculation, this same equation must be rewritten to the expression

i+ Q% =i — Q@)
which then becomes

. 2 .. 2/.. \3
Tht1 + Qkxk = T — Qk(x;g) .
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(C) For a conservative TNL oscillator, i.e.,
i+g(x) =0,

the methods of harmonic balance, parameter expansion, and iteration may
be applied. If the exact angular frequency is known, then after an approx-
imation expression is obtained for the solution, the approximate function
for the angular frequency can be replaced by the exact value of the angular
frequency.

To illustrate this, suppose that we only wish to obtain a first-order
solution and it is given by

A
x1(t) = (m> [cos O + z cos 30],

where z is known and

If Q.(A) is the exact angular frequency, then the modified solution is

A
z1(t) — xgm) (t) = (m> [cos 0., + 2 cos 30,,]
where
O = Qe(A)L.

It is expected that :Clm) (t) will provide a better approximation to the actual
solution than 1 (t).

(D) The extended iteration method should be used rather than the
direct procedures; see Section 7.5.1. In general, the extended iteration
method, for a given level of calculation, gives a more accurate value for the
angular frequency and is computationally less demanding than the direct
procedure.

(E) For nonconservative, dissipative TNL oscillators, only the Cveti-
canin method should be applied to determine accurate approximations to
the oscillatory solutions.

7.8.2 Calculation Strategies

The investigations presented in Chapters 3, 4, 5 and 6 provide guidance as
to how to proceed in the process of calculating periodic and/or oscillatory
solutions for TNL oscillator differential equations. There are two cases to
consider.
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Conservative Oscillators
For this situation, the equation of motion is

i+g(x)=0, 2(0)=A4, #(0)=0 (7.8.6)
where g(z) is of odd parity, i.e.,

g9(=x) = —g(x), (7.8.7)

and we assume that g(z) is such that all solutions are periodic.

e First, carry out a preliminary analysis using first-order harmonic bal-
ance. This analysis will provide an overall view of how the angular fre-
quency depends on the amplitude A. It may also alert you to possible
difficulties that exist in either higher order harmonic balance procedures
or in other methods, such as parameter expansion and iteration.

e Second, determine if an exact, closed form expression can be calculated
for the angular frequency. In general, it is not likely that the angu-
lar frequency function exists in a form expressible in terms of a finite
number of the known standard functions.

e Third, attempt the calculation of a second-order harmonic balance solu-
tion. This procedure will lead to two, coupled, very nonlinear, algebraic
equations. If these equations can be either exactly or approximately
solved, then a satisfactory solution can be found.

e If a higher level solution, in terms of included harmonics, is required,
then use an extended iteration method to calculate these approxima-
tions.

Nonconservative Oscillators
For this case, the TNL oscillatory differential equation is

Z+g(x)=eF(z,z), 0<e<l, (7.8.8)

where both ¢g(z) and F(x, %) are of odd parity, i.e.,
g(—x)=—g(z), F(—z,—i)=—F(x,), (7.8.9)
and in almost all situations that arise in the natural and engineering sciences
F(x,4) = F(2?,3%)a. (7.8.10)

e A very useful starting point is to study Eq. (7.8.8) using a first-order
harmonic balance approximation. Such a calculation will allow us to
determine the existence of limit-cycles and estimate the values of their
amplitudes and angular frequencies.
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e The Cveticanin method can now be used to calculate useful and hope-
fully accurate analytical approximations for the oscillatory solutions in
the neighborhood of each limit-cycle.

Finally, it should be indicated that within the framework of the Cveti-
canin averaging method, information on the stability of the limit-cycles can
be easily determined. Starting from the representation

x(t) = a(t, €) cos(t, €), (7.8.11)
the averaging procedure gives a first-order differential equation for the func-
tion approximating a(t, €),

X _ eHy(a), (7.8.12)

where Hi(a) depends on the particular equation being studied and, in gen-
eral,

H,(0) = 0. (7.8.13)

If limit-cycles exist, then their amplitudes correspond to the positive roots
of the equation [1]

Hy(a) =0. (7.8.14)
Assuming we have at least one root a > 0, calculate

_ dHl (a)
R(a) = ——— .
(a) da a=a
The R(a) < 0, the limit-cycle is locally stable; otherwise, it is unstable.
(See Section 3.6 of Mickens [1] for the details of this analysis.)

7.9 Research Problems

We end this chapter and the book by presenting several outstanding re-
search problems related to TNL oscillators.

(i) Professor Cveticanin [5] has constructed an appropriate generalization
of the Krylov-Bogoliubov [6] method of averaging to terms of order e.
A further contribution can be made to this topic if the procedure could
be extended to higher-order contributions in €; see, for example [8].
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(i)

(vi)

Truly Nonlinear Oscillators

For the equation
i+ cz)z|*! = eF(x, 1),
assume that F'(z,2) can be written as
F(z,i) = Fy(z,4)|¢| sgn(d),
where
Fi(—z,—%) = Fi(x,2); (>0and §#1.

The issue is whether the Cveticanin methodology can be applied to
this situation? There may be few, if any, difficulties for an order €
calculation, but many problems may arise for higher-orders in e.

The parameter-expansion and iteration methods appear to be related.
What exactly is this connection and, if it exists, can it be used to
improve results obtained by each technique?

Third-order harmonic balance generates three coupled, nonlinear al-
gebraic equations which must be solved for two amplitudes and the
angular frequency. In general, this is a very complex and difficult prob-
lem and the work to achieve this is computationally intensive. Can
approximation techniques be created to resolve this problem?

The ratio of neighboring coefficients of the harmonics in the periodic
solutions (for the harmonic balance, parameter expansion and iteration
methods) all decrease rapidly in the approximate solutions. In fact, the
decrease is consistent with exponential decay. This strong decay of the
coeflicients appears to hold even for TNL oscillator equations for which
this type of mathematical behavior is not a priori expected; an example
is the equation

i+ 23 =0.

Question: Is this property of the coefficients an essential feature of
these particular methods for determining approximations to the peri-
odic solutions?

For the TNL oscillator equation

i+g(x) =0,
does the “regularity,” i.e., the number of derivatives for g(x) existing at
x = 0, affect the rate of decrease of the Fourier coefficients of the exact
solution? If so, what is this relation? Also what impact does such a

restriction have on the decay rate of the coefficients determined from
any of the approximation methods?
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Appendix A

Mathematical Relations

This appendix gives mathematical relations that are used regularly in the
calculations of the text. The references listed at the end of this appendix
contain extensive tables of other useful mathematical relations and analytic
expressions.

A.1 Trigonometric Relations

A.1.1 FEzxponential Definitions of Trigonometric Functions

—e
1 = A.ul
sinx 57 (A1)
cosz = = +28 (A.2)

A.1.2 Functions of Sums of Angles
sin(x £+ y) = sinx cosy £ cosx siny (A.3)
cos(z + y) = coszcosy Fsinzsiny. (A4)
A.1.3 Powers of Trigonometric Functions
.9 1
sin“z = { 5 (1 — cos2zx) (A.5)
9 1
cos“z = | 5 (1 + cos2z) (A.6)

183
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1
sin® z = <Z) (3sinz — sin 3x)
3 1
cosz = | 7 (3cosz + cos3x)
4 1
sin“z = | ¢ (3 — 4 cos2x + cos4x)
4 1
cos"x = | ¢ (3 + 4 cos2x + cos4x)
.5 1 . . .
sin’z = | 7= (10sinz — 5sin 3z + sin 5x)
5 1
cos’z = | 7= (10 cosx + 5 cos 3z + cos 5x)
.6 1
sin®z = | o5 (10 — 15 cos 2z + 6 cos 4z — cos 6)
6 1
08" x = | o5 (10 + 15 cos 2z + 6 cos 4x + cos 6z).

A.1.4 Other Trigonometric Relations

+
sinx +siny = 2sin r=y cos rTy

2 2
cosx + cosy = 2cos Ity cos (1Y

2 2
cosT —cosy = —2sin (IT_Fy) sin (I—;y>

sinz cosy = G) [sin(z + y) + sin(z — y)]

coszsiny = G) [sin(z + y) — sin(z — y)]
coS T Cosy = (%) [cos(z +y) + cos(z — y)]

sinzsiny = G) [cos(z — y) — cos(x + )]

sin? z — sin?y = sin(x + y) sin(z — y)
cos? x — cos? y = —sin(z + y) sin(z — y)

cos? & — sin?yy = cos(x + y) cos(z — y)

(A.10)
(A.11)
(A.12)
(A.13)

(A.14)

(A.15)
(A.16)
(A.17)
(A.18)
(A.19)
(A.20)

(A.21)

(A.22)
(A.23)
(A.24)
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sin® z cosx =

—> (cosx — cos 3x)

sinz cos® x =

> (sinx + sin 3x)

3

sin® x cosx = (2sin 2z — sin4x)

2 2

sin® z cos® & = (1 — cos4x)

sinz cos® r = (2sin 2z + sin4x)

ol = Colr ol ixl— x|

N NS N N N NN
N~ N

1
sin z cosz = E) (2 cosx — 3 cos3x + cosbx)
.. 3 2 1 . . .
sin” x cos” x = 6 (2sinz + sin 3z — sin 5x)
.2 3 1
sin® x cos” x = — 6 (2cosx + cos3x + cosbx)

1
sinz cos® r = (E) (2sinz + 3sin 3z + sin bx).
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(A.25)
(A.26)
(A.27)
(A.28)
(A.29)
(A.30)
(A.31)
(A.32)

(A.33)

A.1.5 Derivatives and Integrals of Trigonometric Func-

tions

— cosr = —sinx
dx
d .
—sinx = cosx
dx

/cosxdx =sinx

/sinxdw = —cosx

1 1
-2 . - _ - .
/sm T dr = (2):17 (4) sin 2x
1 1
2 I + .
/cos rdx = (2>:v+ (4) sin 2z

(A.34)

(A.35)

(A.36)

(A.37)

(A.38)

(A.39)
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/sin ma sin kx dx = Si;((nnz : l];)):c - SZ;((:Z::))I m? £ k*  (A.40)
/cos ma cos kx dx = Si;((: : llz))x 51721((77::—:))96 m? #£k*  (A.41)
/sin ma cos kx dx = — CO;(:;__:)):E - CO;((Z::))I m? £ k% (A.42)
/_F cos mx cos kx dx = Topk; m, k integers (A.43)

/j sin mx cos kx dx = 0; m, k integers (A.44)

/j sin mx cos kx dx = 0; m, k integers (A.45)

/:vsinxdx =sinx —xcosw (A.46)

/:E2 sinz dr = 2xsinz — (22 — 2) cos (A.47)

/xcos:z:da: =cosx + rsinx (A.48)

/:E2 cosxdr = 2z cosx + (2 — 2)sina. (A.49)

A.2 Factors and Expansions

(a £b)* = a® £ 2ab + b?
(a4 1) = a® + 3a%b + 3ab® + V*

(a+b+c)* =a* +b* + c +2(ab + ac + be)

(
(
(
(a+b+c)® = a® +b3+c3 +3a*(b+c) +3b*(a+c)+3c*(a+b) +6abe (A.53
a’? —b* = (a—"Db)(a+Db) (
a®> +b? = (a +ib)(a —ib), i=+/—1 (
a® —b* = (a — b)(a® + ab + b?) (
(

a® + b = (a +b)(a® — ab+ b?).
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A.3 Quadratic Equations

The quadratic equation

ar® +bx+c=0 (A.58)
has the two solutions
—b+ Vb2 —4
= 2T VO dac (A.59)
2a
—b—Vb2 -4
gy = Y TR (A.60)
2a
A.4 Cubic Equations
The cube equation
P2 4ptqgz+r=0 (A.61)
can be reduced to the form
2* +ax+b=0 (A.62)
by substituting for z the value
z=x— g (A.63)
The constants a and b are given by the expressions
3q — 2
a=2 3 P , (A.64)
3p3 — 9pq + 27r
b= —————. A.65
o7 (A.65)
Let A and B be defined as
- 11/3
b b2 a3 1/2
A= |- (§> + (Z + E) R (A.66)
_ 11/3
b b2 aB 1/2
B=|—-(z)-(—+= . A.67
6)-(5+%) (a7

The three roots of Eq. (A.62) are given by the following expressions
T = A + B, (A68)



188 Truly Nonlinear Oscillators

Ty = — <A i B) + \/—_3<A_—B), (A.69)

2 2
T3 = —(AJ“TB) - \/—3<A_TB). (A.70)
Let
b a?
A== +_—. ATl
1 Tar (A.71)

If A > 0, then there will be one real root and two complex conjugate roots.
If A =0, there will be three real roots, of which at least two are equal. If
A < 0, there will be three real and unequal roots.

A.5 Differentiation of a Definite Integral with Respect to a
Parameter

Let f(x,t) be continuous and have a continuous derivative df/Jt, in a
domain in the z-t plane that includes the rectangle

Y(t) Sz <Pt), t<t<t (A.72)

In addition, let ¥ (¢) and ¢(t) be defined and have continuous first deriva-
tives for t; <t < t9. Then, for t; <t < t5, we have

d e do

B dy [0 9
it o fla t)de = flo(t), 8= — fl(0). 8] + oy O

A.6 Eigenvalues of a 2 X 2 Matrix

The eigenvalues of a matrix A are given by the solutions to the characteristic
equation

det(A — AI) =0, (A.74)

where [ is the identity or unit matrix. If A is an n X n matrix, then there
exists n eigenvalues \;, where i =1,2,...,n.

Consider the 2 x 2 matrix
a b
A= . A.75
(0 (A.75)
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The characteristic equation is

a— A\ b
det =0. A.
e < . d )\> 0 (A.76)

Evaluating the determinant gives

M —TA+ D=0, (A.77)

where

T = trace(A) = a + d,
D = det(A4) = ad — be. (A.78)

The two eigenvalues are given by the expressions

A= G) [T+ \/M} , (A.792)
Ao = G) [T - \/M} . (A.79b)
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Appendix B

Gamma and Beta Functions

B.1 Gamma Function

I'(z) E/ t*"te~'dt, Re(z) >0
0

P(z+1)=2(2)m, 2z#0,-1,-2,-3,....

F(n+1)=n!, n=0,1,2,3....

7 = 3.14159 265 358 979
1
=0.39894 228 040 143
21
e = 2.71828 182845904

Tr (%) = /7 = 1.77245 358 090 551
1
r (5) = 2.67893 85347

r (i) = 3.6256099082

B.2 The Beta Function

—
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B.3 Two Useful Integrals

IR OREH

/2
/ (cos0)”~* cos(ab)df =
0

(2¥)vB (%ﬂrl , V%Hrl)

(B.7)



Appendix C

Fourier Series

C.1 Definition of Fourier Series

Let f(x) be a function that is defined on the interval —L < x < L and is
such that the following integrals exist:

/_LL J(w) cos (?) dz, /_LL f(z)sin (?) da, (C.1)

forn=20,1,2,.... The series

aq > nmr . nmr
7 —+ ; |:an COS <T> + bn S1n <T):| (CZ)

0 = (%) [ LL F(x) cos (?)dw, (C.3)
by — <%> [ LL F(x)sin (?) dz, (C.4)

is called the Fourier series of f(z) on the interval —L < z < L. The
numbers {a,} and {b,} are called the Fourier coefficients of f(z).
A function fi(x) such that

f1(117+p):f1(117), p7£05 (05)

for all x is said to be periodic and to have period p.

Since both sin(nmz/L) and cos(nmz/L) have period 2L/n, the only
period shared by all these expressions is 2L. Therefore, if the Fourier series
of f(x) converges, then f(x) is periodic of period 2L, i.e.,

flx+2L) = f(x). (C.6)

where

193
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If f(x) is initially defined only in the interval —L < = < L, then Eq. (C.6)
can be used to define it for all values of z, i.e., —00 < = < 0.

In general, the Fourier series of f(z) defined on an interval —L < 2 < L
is a strictly formal expansion. The next section gives the relevant theorem
concerning convergence of Fourier series.

C.2 Convergence of Fourier Series

A function f(x) is said to be piecewise smooth on a finite interval a <
x < b if this interval can be divided into a finite number of subintervals
such that (1) f(x) has a continuous derivative in the interior of each of
these subintervals, and (2) both f(x) and df /dz approach finite limits as
approaches either end point of each of these subintervals from its interior.

C.2.1 Exzamples
The function f(x) defined by
T, —rm<z<0,
x) = C.7
(@) {w o ©7)

is piecewise smooth on the interval —m < < 7. The two subintervals are
[-7,0) and (0, 7].
The function f(x) defined on the interval 0 < z <5 by

22, 0<z<1,

2 —x, 1<z <3,
T) = - C.8
f(x) L 3<z<d (C.8)

(x—4)%?% 4<a<5,
is piecewise smooth on this interval. Observe that in each subinterval both
f(x) and df /dx are defined.
C.2.2 Convergence Theorem

Theorem C.1. Let f(x), (1) be periodic of period 2L, and (2) be piecewise
smooth on the interval —L < x < L. Then the Fourier series of f(x)

ap b nwx . [(brx
5 + ,;1 [an cos (T) + by, sin (T)} ) (C.9)
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= <%> [ LL F(x) cos <$>dm, (C.10)
by = <%> /_LLf(:zr) sin (?) dz, (C.11)

converges at every point xg to the value

+ —
where f(xd) is the right-hand limit of f(z) at zo and f(zy) is the left-
hand limit of f(x) at xo. If f(xo) is continuous at xo, the value given by
Eq. (C.12) reduces to f(xg) and the Fourier series of f(x) converges to

f(zo)-

where

C.3 Bounds on Fourier Coefficients [1, 2, 7]

Theorem C.2. Let f(x) be periodic of period 2L and be piecewise smooth
on the interval —L < x < L. Let the first r derivatives of f(x) exist and
let f(z) be of bounded variation. Then there exists a positive constant M
(whose value may depend on f(x) and L) such that the Fourier coefficients
satisfy the relation

M
jan] +1bn| < —7- (C.13)

Comments. A function f(z), defined on —L < x < L, is of bounded
variation if the arc-length of f(z) over this interval is bounded [2].

Theorem C.3. Let f(x) be analytic in x and be periodic with period 2L.
There ezist a 0 and an A (which may depend on f(x) and 2L) such that
the Fourier coefficients satisfy the relation

lan| + 0] < 40", 0<6<1. (C.14)

C.4 Expansion of F(acosz,—asinxz) in a Fourier Series

At a number of places in the text, the Fourier series is needed for a function
of two variables, F'(u,v), where

u=acos, v = —asinz, (C.15)
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and in general F(u,v) is a polynomial function of « and v. To illustrate
how this is done, consider the following particular form for F'(u,v):

F(u,v) = (1 —u?)v. (C.16)
Replacing v and v by the relations of Eq. (C.15), and using the trigono-

metric relations given in Appendix A, the following result is obtained:

F(u,v) = (1 —u?*)v = (1 — a® cos’ z)(—asinz) = —asinz + a® cos® rsinx
a3
= —asinz + (Z) (sinz + sin 3x)

2 _ 3
= (a 1 4)asinx+ (az) sin 3. (C.17)

This last expression is the required Fourier expansion of Eq. (C.16).
For a second example, consider F(u,v) = u3. The following is obtained
for this case:

s s s (3 @
F(u,v) =u’ =a’cos” x = 1 cosx + 1 cos 3x. (C.18)

C.5 Fourier Series for (cos )™ and (sin 0)*

See Appendix B, Eq. (B.9) for a useful integral relation that can be used
to derive the following relations:
Let agp11 be defined as

A2p+1 — 3 (%) (Clg)
@ e+Hr(E-p)
forp=20,1,2,..., with
1
a; = % = 1.159595266963929. (C.20)

2031 (3)]
Then (cos )3 and (sin #)'/3 have the following Fourier series

lcos@ ~ cos(30) N cos(50)

(cos§)/3 = Za2p+1 cos(2p+1)0 = a1

= 5 10
_ Tcos(76) | cos(90)  13cos(116) 26 cos(130)
110 22 374 935
494 cos(150)

—W*“] (C21)
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(sinf)'/3 = Z(—l)pang sin(2p + 1)0 = a4 |sinf + smé%‘) + sml(g)é’)
p=0
n 7sin(76) n sin(96) n 13sin(110) n 26 sin(136)
110 22 374 935
494 sin(156)
21505 B 1 (C.22)

Similarly, we have

1 cos(20) cos(460)  cos(60) 2cos(89) 11 cos(100)
0)2/3 — g0 | = _ _
(cos 6" = ao lz T VR 91 728

11cos(120) ~ 17cos(140)  17sin(166)
988 1976 2470

+ ] (C.23)

(sin8)2/% = a ll n cos(26)  cos(46) n cos(66)  2cos(8¢)  11cos(106)

2 4 14 28 91 728
11cos(120) =~ 17cos(146)  17sin(166)
- — . C.24
988 1976 2470 + ’ ( )
where
32451 (2
ap = 7(3) = 1.426348256. (C.25)

(5]

Another useful Fourier expansion relation is

Lcos ] = <%> F | cos(26)  cos(40) +]

2 3 15
as well as
[sign(cos 0)]] cos O|* = ay cos O + ag cos(30) + as cos(50) +---,  (C.26)
where
o 2T (1+%)
VAl + 1T (=)
as = (Z;;)al (C.27)
(a—1)(a—3)
T [( +3><a+5>]
and
cols6‘ =2 (—1)"cos(2p + 1)6. (C.28)
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Appendix D

Basic Theorems of the Theory of
Second-Order Differential Equations

D.1 Introduction

The general second-order differential equation

d*y dy

can be written in the system form

dy1
—( = D . 2
dt Y2 ( )

dyo

T 1, y2,1), (D.3)

by means of the transformation (y,dy/dt) = (y1,y2). A general system of
coupled, first-order differential equations is

dy: B

dt - fl(ylayQat)7 (D4)
dys2

== = t). D.
o f2(y1,92,1) (D.5)

In this appendix, a number of theorems are given concerning the solu-
tions of Egs. (D.4) and (D.5). Proofs can be found in the references listed
at the end of this appendix.

The following assumptions and definitions apply to all the results of
this appendix: (1) The functions fi(y1,y2,t) and fa(y1,y2,t), defined in a
certain domain R of the three-dimensional (y1,y2,t) space, are continuous
in this region, and have continuous partial derivatives with respect to y1,
y2 and t. (2) A point having the coordinates (i1, ¥2,t) will be denoted as

P(g17g27a'

199
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D.2 Existence and Uniqueness of the Solution

Theorem D.1. Let P(y?,99,t0) be any point in R. There exists an interval
of t (t1 <t < ty) containing to, and only one set of functions

y1 = ¢1(t), Yo = Pa(t), (D.6)

defined in this interval, for which the following conditions are satisfied:
(1) ¢1(to) = Y and ¢a(to) = y3. (2) For all values of t in the interval,
t1 < t < to, the point Pp1(t), p2(t),t] belongs to the domain R. (3) The
system of functions given by Eq. (D.6) satisfies the system of differential
equations Eq. (D.4) and Eq. (D.5). (4) The solutions, given by Eq. (D.6),
can be continued up to the boundary of the domain R; that is, whatever
closed domain Ry, contained entirely in R, there are values t' and t”, where

t <t <ty t <t <to, (D.7)

such that the points Plp1(t'), p2(t'),t'] and Plp1(t"), p2(t"),t"] lie outside
Ry.

D.3 Dependence of the Solution on Initial Conditions

The solutions of Eqs. (D.4) and (D.5) depend on the initial conditions
(v9, 43, t0). Consequently, the solutions can be written as

Yy = ¢1(t7t07y?7yg)7 Yo = ¢2(t7t07y?7y8)7 (DS)
with
¥ = ¢1(to, to, Y1, y5), Y = da(to, to, Y1, ys). (D.9)

The following theorems give information concerning the dependence of the
solutions on the initial conditions.

Theorem D.2. Let
y1 = o1t 1", y1,95), (D.10a)
Y2 = ¢2(t;t*7yray§)a (DlOb)

be a solution to Egs. (D.4) and (D.5), defined for t in the interval, t <t <
ta, and having the initial values

yit) =y, () =y (D.11)
Let Ty and Ty be arbitrary numbers satisfying the condition

th<Th <Ty < ts. (D12)
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Then for an arbitrary positive €, there exists a positive number § =
§(e, Ty, T3) such that for the values of to, y9 and y3 for which

to—t*| <6, |y —wil<d,  |ys —wsl <9, (D.13)
the solutions
y1 = é1(t, to, yl,y9), Y2 = Pa(t,to, yi, y5), (D.14)

are defined for all values of t in the interval Th <t < Ts, and satisfy the
inequalities

|¢1(tat05y?ayg) - (bl(tat*ayray;” <, (D15)

|¢2(t7t07y?7y8) - ¢2(t7t*7yruy;)| <e. (D16)

Theorem D.3. If the functions f1(y1,y2,t) and fa(y1,y2,t) of Eqs. (D.4)
and (D.5) have continuous partial derivatives with respect to the variables
y1 and yo of order up to n > 1, then the solutions to this system have
continuous partial derivatives with respect to vy and y3 of the same order.

Theorem D.4. If the functions fi(y1,y2,t) and f2(y1,y2,t) are analytic
functions of the variables y1 and ya, then the solution, given by Eq. (D.8),
is an analytic function of its arguments in a neighborhood of every set of
values for which the functions f1(y1,ye,t) and fa(y1,y2,t) are defined.

D.4 Dependence of the Solution on a Parameter

Let the functions f; and fo depend on a parameter A. For this case,
Egs. (D.4) and (D.5) become

dy

dt :fl(y17y27t7)‘)7 (Dl?)
d
% :fQ(y17y27t7)‘)' (D18)

Theorem D.5. If the functions fi(y1,y2,t,\) and fa(y1,ye,t, A) are con-
tinuous functions of X, the solutions of Eqs. (D.17) and (D.18)

y1 = ¢1(t7t07y?7ygu A)? Y2 = ¢2(t7t07y?7y87 A)7 (Dlg)

are also continuous functions of \.
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Theorem D.6. Let f1(y1,y2,t,A) and fa(yr, ya,t, N), and the first partial
derivatives of f1 and fa, with respect to y1 and ya2, be continuous functions
of . If y1 and ya, given by Eq. (D.19) are solutions of Egs. (D.17) and
(D.18), then the derivatives

8¢z(t; tOv y(l)v yga A)
dyy ’

i=(1,2), j=(1,2), (D.20)
are also continuous functions of A.

Theorem D.7. If f1(y1,y2,t,A\) and fo(y1,ye2,t, \) are analytic functions
of their arguments, then the solutions to Eqs. (D.17) and (D.18) are also
analytic functions of all their arguments in a neighborhood of every set of
values (t,to,yY,yS, \) for which they are defined.
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Appendix E

Linear Second-Order Differential
Equations

Essentially all of the approximation methods given in this book eventually
lead to linear, second-order differential equations. This appendix gives
the basic theorems and rules for solving this type of differential equation.
Detailed proofs of the various theorems can be found in the references given
at the end of this appendix.

E.1 Basic Existence Theorem

The general linear, second-order differential equation takes the form

d?y dy
ao() Y+ a0 4 sty = F () (1)
If F(t) = 0, then Eq. (E.1) is said to be homogeneous; if F(t) # 0, then

Eq. (E.1) is said to be inhomogeneous.

Theorem E.1. Let ag(t), a1(t), as(t) and F(t) be continuous on the in-
terval a <t < b, with ag(t) # 0 on this interval. Let to be a point of the
interval a < t < b, and let C; and Cs be two real constants. Then there

exists a unique solution y = ¢(t) of Eq. (E.1) such that
dep(t
¢(to) = Cn, % =y, (E.2)

and the solution is defined over the entire interval a <t <b.

E.2 Homogeneous Linear Differential Equations

The linear second-order homogeneous differential equation has the form
d?y dy
ao(t) ) +a(t )E +as(t)y = 0. (E.3)

203
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Again, it is assumed that ag(t), a1(t), and as(t) are continuous on the
interval a < ¢ <b and ag(t) # 0 on this interval.

Theorem E.2. Let ¢(t) be a solution of Eq. (E.3) such that
de(to)

where a < tog < b. Then ¢(t) =0 for all t in this interval.

To proceed the concepts of linear combination, linear dependence, and
linear independence must be introduced and defined.

E.2.1 Linear Combination

If f1(¢), f2(t),..., fn(t) are n functions and Cy,Cy, ..., C, are n arbitrary
constants, then the expression

Crfi(t) + Cafo(t) + -+ + Crfult) (E.5)
is called a linear combination of f1(t), f2(t), ..., fn(t).

E.2.2 Linear Dependent and Linear Independent Functions

The n functions fi(t), f2(t), ..., fu(t) are linearly dependent on a <t <b
if and only if there exist constants Cy,Cs, ..., ), not all zero, such that
Cifi(t) + Cofo(t) + -+ 4+ Cnfult) =0 (E.6)

for all ¢ such that a <t <b.

The n functions fi(t), f2(t),..., fn(t) are linearly independent on a <
t < b if and only if they are not linearly dependent there; that is,
f1(t), f2(t), ..., fu(t) are linearly independent on a < t < b if and only
if

Cifi(t) + Cafa(t) + -+ Cnfult) =0 (E.7)
for all ¢ such that a <t < b implies that
Cih=0=---=C, =0. (E.8)

E.2.3 Theorems on Linear Second-Order Homogeneous
Differential Equations

Theorem E.3. Let the functions fi(t), f2(t),..., fa(t) be any n solution
of Eq. (E.3) on the interval a <t <b. Then the function

C1fi(t) + Cofa(t) + -+ -+ Cn fu(t) (E.9)
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where C1,Ca, ..., C, are arbitrary constants, is also a solution of Eq. (E.3)
ona<t<hb.

Theorem E.4. There exists a set of two solutions of Eq. (E.3) such that
the two solutions are linearly independent on a <t < b.

Definition E.1. Let f1(t) and f2(t) be real functions, each of which has a
derivative on a <t < b. The determinant

[ f2(1)
df1(t) df2(t)

dt dt
is called the Wronskian of the two functions fi(¢) and f2(¢). Denote it by

W(f1, f2, 1) = W(2).

Theorem E.5. Let fi(t) and f2(t) be two solutions of Eq. (E.3) on a <
t <b. Let W(t) denote the Wronskian of f1(t) and f2(t). Then either W (t)
is zero for allt on a <t <b or W(t) is zero for not ona <t <b. The
Wronskian W (t) is zero if and only if the two solutions f1(t) and f2(t) are
linearly dependent on a <t <b.

(E.10)

Theorem E.6. Let fi(t) and fa(t) be two linearly independent solutions
of Eq. (E.3) ona <t <b. Let W(t) be their Wronskian and let a <t <b.
Then

W (t) = W(to) exp [— /tt () dz] (E.11)

o a0(2)
forallt ona <t <b.

Theorem E.7. Let f1(t) and fa(t) be any two linearly independent solu-
tions of Eq. (E.3) on a <t <b. Every solution f(t) of Eq. (E.3) can be
expressed as a suitable linear combination of f1(t) and fa(t), i.e.,

f(t) = Crfi(t) + Ca f2(1), (E.12)

where C7 and Cy are arbitrary constants.

E.3 Inhomogeneous Linear Differential Equations

The general linear, second-order, inhomogeneous differential equation takes

the form ,
d d
EQy +ai(t) il + as(t)y = F(t). (E.13)

ao(?) dt
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It is assumed that ag(t), a1(t), az(t) and F(t) are continuous on a <t < b,
with ag(t) # 0 on this interval.
Equation (E.13) can be written as

Ly = F(t), (E.14)
where L is the linear operator
- d? d

Theorem E.8. Let v(t) be any solution of the inhomogeneous Eq. (E.13),
and let u(t) be any solution of the homogeneous equation

Ly =0. (E.16)
Then u(t) + v(t) is also a solution of the inhomogeneous Eq. (E.13).

The solution u(t) is called the homogeneous part of the solution to
Eq. (E.13), and v(¢) is called the particular solution to Eq. (E.13). The
homogeneous solution u(t) will contain two arbitrary constants. However,
the particular solution v(t) will not contain any arbitrary constants.

E.3.1 Principle of Superposition

The principle of superposition for linear second-order inhomogeneous dif-
ferential equations is given in the following theorem.

Theorem E.9. Let
Ly = F;(t), 1=1,2,...,n, (E.17)

be n different inhomogeneous second-order differential equations where the
linear operator L is defined by Eq. (E.15). Let fi(t) be a particular solution
of Eq. (E.17) fori=1,2,...,n. Then

Z fi(t) (E.18)

Ly = Z Fi(t). (E.19)
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E.3.2 Solutions of Linear Inhomogeneous Differential
Equations

Write Eq. (E.13) in “normal” form, i.e.,
d?y dy
— = f(t E.20
o a0 G+ aly = £(0), (5.20)
where p(t), q(t), and f(t) are continuous functions for a <t < b. Assume
that two linearly independent solutions, ¥ () and y2(¢) are known for the
corresponding homogeneous differential equation
d’y
dt?
The general solution of Eq. (E.20) is

y(t) = Cryi(t )+Czy2 (t)

to / [z (@)y2(t) = y1(t)y2(2)]dz, (E.22)

where W (to) = W (y1, y2, to) is the Wronskian of y;(t) and y»(t) evaluated
at t =tg, a <t <b; Cy and Cy are arbitrary constants; and I(z) is

I(x) = /m p(z)dz. (E.23)

+ ()%—i—q( t)y = 0. (E.21)

E.4 Linear Second-Order Homogeneous Differential Equa-
tions with Constant Coefficients

For the special case of constant coefficients, the problem of obtaining two
linear independent solutions of a homogeneous second-order differential
equation can be completely solved.

Consider the differential equation

d?y dy
a0y + aq % + asy = 0, (E.24)

where the coefficients ag, a1, and as are real constants. The equation
agm?* +aym+as =0 (E.25)

is called the characteristic equation corresponding to Eq. (E.24). The
two roots of Eq. (E.25), m; and ms are related to the general solution
of Eq. (E.24) as follows:

(1) Let my and moy be real and distinct, i.e., m; # ma. The general
solution of Eq. (E.24), in this case, is

y(t) = Cre™* + Cae™', (E.26)
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where C'y and Cs are arbitrary constants.

(2) Let my and msy be complex conjugates of each other, i.e., m; =
m3 = a + ib. For this case, the general solution of Eq. (E.24) is either one
of the following equivalent forms:

Ae cos(bt + B),
(t) = ( ) (E.27)
Cre% cos bt + Cae® sinbt,
where A, B, C; and Cs are arbitrary constants.

(3) Let my and mq be equal, i.e., m; = ma = m. The general solution

for this case is

y(t) = (C1 + Cat)e™, (E.28)

where C'y and Cs are arbitrary constants.

E.5 Linear Second-Order Inhomogeneous Differential
Equations with Constant Coefficients

Consider the following inhomogeneous differential equation

d’y dy

a0 T + a1 T + a2y = Q(1), (E.29)
where ag, a1, and as are constants and Q(t) has first and second derivatives
for an interval a < ¢ < b. In general, if Q(t) takes the form of a sum of

terms, each having the structure
Qui(t) = t"e™, (E.30)
then the general solution to Eq. (E.29) can be found, i.e.,
y(t) = Cre™" + Coe™" + 0(2) (E.31)
where the homogeneous solution is
u(t) = Cre™t 4 Coe™2! (E.32)

and v(t) is a solution to the inhomogeneous Eq. (E.29).

For the applications in this book, the following two rules will allow the
determination of particular solution v(z) to Egs. (E.29) and (E.30).

Rule 1. Let no term of Q(¢) be the same as a term in the homogeneous
solution w(t). In this case, a particular solution of Eq. (E.29) will be a
linear combination of the terms in Q(¢) and all its linearly independent
derivatives.
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The following example illustrates this rule. Consider the equation

dzy dy 3t :
T2 _3E + 2y = 2te”" 4 3sint. (E.33)
The characteristic equation is
m? —3m+2=0, (E.34)
and has solutions m; = 1 and my = 2. Therefore, the solution to the
homogeneous equation is
u(t) = Cre' + Cye®, (E.35)

where (7 and Cs are arbitrary constants. Observe that no term of
Q(t) = 2te® + 3sint (E.36)

is a member of the homogeneous solution. A particular solution of
Eq. (E.33) will be a linear combination of texp(3t) and sint¢, and their
linearly independent derivatives exp(3t) and cost. Consequently, the par-
ticular solution v(t) has the form

v(t) = Ate3® + Be®' 4 C'sint + D cost, (E.37)

where A, B, C, and D are constants. These constants can be determined
by substituting Eq. (E.37) into Eq. (E.33) and setting the coefficients of
the linearly independent terms, t exp(3t), exp(3t), sint, and cost, equal to
zero. Doing this gives

A=1, B_—@), c-3  p=2 (E.38)

The particular solution v(t) is

v(t) = te3t — (g) et 4+ (1—30> sint + (1—90> cost, (E.39)

and the general solution to Eq. (E.33) is

3 3 9
y(t) = Cre + Coe® + tet — <§) e+ <E) sint + <E) cost. (E.40)

Rule 2. Let Q(t), in Eq. (E.29), contain a term that, ignoring constant
coefficients, is t* times a term w;(t) of u(t), where k is zero or a positive
integer. In this case, a particular solution to Eq. (E.29) will be a linear
combination of t**1u;(¢) and all its linearly independent derivatives that
are not contained in u(t).
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As an illustration of this rule, consider the equation

dy ., dy

— —3—= +2y =2t* + 3. E.41
az  Ca Y e (E41)
The solution to the homogeneous equation is given by Eq. (E.35). Note

that

Q(t) = 2t* + 3¢ (E.42)
contains the term exp(2t), which, ignoring constant coefficients, is t* times
the same term in the homogeneous solution, Eq. (E.35). Hence, v(t) must

contain a linear combination of texp(2t) and all its linearly independent
derivatives that are not contained in u(t). Consequently, v(¢) has the form

v(t) = At* + Bt + C + Dte*". (E.43)

Note that exp(2t) is not included in Eq. (E.43) because it is already in-
cluded in u(t). Substituting Eq. (E.43) into Eq. (E.41) and setting the
coefficients of the various linearly independent terms equal to zero allows
the determination of A, B, C' and D. They are

A=1, B=3, czg, D=3, (F.44)
and the particular solution is
v(t) =% + 3t + ; + 3te*. (E.45)
Thus, the general solution to Eq. (E.41) is
y(t) = u(t) +v(t) = Cre’ + Coe®* +t* + 3t + g + 3te?. (E.46)

E.6 Secular Terms

Consider the following linear, inhomogeneous equation

d*y
W —+ W2y = ﬁcos Wt, (E47)
where w and [ are parameters. The solution to the initial value problem
dy(0
y(0) =4, PO _, (E.48)
dt
is
_ BN
y(t) = Acoswt + o tsint. (E.49)
w

Note that the first term on the right-hand side is periodic, while the second
term is oscillatory, but has an increasing amplitude. The second expression
is an example of a so-called secular term.
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Appendix F

Lindstedt-Poincaré Perturbation
Method

This appendix contains a brief outline of the Lindstedt-Poincaré [1, 2] per-
turbation method. It can be applied to construct uniformly valid expres-
sions for the periodic solutions of second-order differential equations having
the form

i+ x=cF(x, ), (F.1)
where & denotes dz/dt, etc.; and € is a small parameter, i.e.,
D<ex 1. (F.2)

A uniformly valid expression for this solution is one that can be written as
n
z(t,e) = " Ty (1) + O™, (F.3)
m=0

where
|zm(t)] <oo; m=0,1,2...; t>0. (F.4)

This method for calculating periodic solutions generally produces an
asymptotic expansion in € and has been the topic of a vast literature. In
particular, the books by Stoker [3], Bellman [4], Nayfeh [5], Mickens [6],
and Murdock [7], collectively provide the fundamental theoretical basis for
this technique and also illustrate its many applications.

The general procedure is to substitute Eq. (F.3) into Eq. (F.1), ex-
pand the resulting expression in powers of e, and set the coefficients of
the difference powers of € to zero. This procedure leads to a set of linear,
inhomogeneous, second-order, differential equations for the x,,(t), where
m = 0,1,...,n; and these equations may be solved recursively. However,
the straightforward application of the method will produce solutions having
secular terms. A way to prevent this difficulty is to carry out the following
procedure:
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Introduce a new independent variable 6, i.e.,
6 = wt, (F.5)
where
wle) =14 wie+ -+ €"w, + O(e"). (F.6)
The new dependent variable is denoted by x(f) and we assume that it
can be represented as
z(0,¢) = z0(0) + ex1(0) + -+ - + €" 2, (0) + O(e"™). (F.7)

Note that both the w,, and x,,(t), for m = 1,2,...,n, must be deter-
mined.
Introduce the following notation

Y= U T A
. _OF . OF
Fw(x,x):%, Fm(:v,:v)—a—x.

Substitute Eq. (F.7) into Eq. (F.1), carry out the required expansions
with respect to €, and then set the coeflicients of the various power of
€ to zero; the following set of equations is obtained for x,,;

xg +x0=0 (F.8)
o + 11 = —2wiz + F(x0,30) (F.9)
Ty 4+ T = —2w12] — (Wi + 2ws)z)

+ Fy(zo,xp)z1 + Fi(xo, 2() (w1 + 1) (F.10)

" A /
Ty 4+ Tp = Gu(20, T1, 0oy Ty 1320, Xy oo oy Ty q)- (F.11)

If F(x,) is a polynomial function, then G,, will also be a polynomial
function of its variables.
The periodicity condition for 2(6) can be expressed as

x(0) = x(0 4 2m), (F.12)
and the corresponding condition for z,, () are

T (0) = 2 (0 + 27). (F.13)
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If Eq. (F.7) is to be a periodic function of Eq. (F.1), then the right-hand
sides of Egs. (F.8) to (F.11) must not contain terms in either cos @ or sin6;
otherwise, secular terms would exist and the perturbation solution will not
be uniformly valid, i.e., one or more of the x,,(t) might have the behavior

tLim [T ()] = 0. (F.14)

Therefore, if x,,(0) is to be a periodic function, then, in general, two con-
ditions must be satisfied at each step of the calculation. Thus, two “free
parameters” are required. Examination of Eqgs. (F.8) to (F.11) indicates
that one of these constants is wy,. The only other place where a second
constant can be introduced is from the initial condition on x,,_1 and this
implies that the initial conditions should take the form

2(0) = Ag+ €Ay + €Ay + -+ " Ay + O("H) (F.15a)
'(0) =0, (F.15b)

where the A,, are, a priori, unknown parameters. This means that for
m = 1, the right-hand side of Eq. (F.9) has a term linear in w; and another
term nonlinear in Ay. These two terms are expressions involving cos# and
sinf, and by setting their respective coefficients to zero, not only are the
secular terms eliminated, but both w; and Ay may be calculated. In a
similar manner, for m > 2, the periodicity condition for y,,(#) gives a pair
of equations for w,, and A,,_1. Again, the requirement of no secular terms
in the solution for y,,(0) allows both w,, and A,,_1 to be calculated. Thus,
at any given stage (i.e., m value) in the procedure, the three quantities
(Wm, Am—1,ym(0)) may be simultaneously determined. This means that
the initial conditions are

{xo(O) = A, ah(0)=0;

(F.16)
2m(0) = A, z.(0)=0; m=12...,n.

m

For the special cases where F'(x, ) either does not depend on & or is
an even function of #, then () can be chosen to be an even function by
using the initial conditions

z(0) = A, @(0)=0. (F.17)

Therefore, z(0) and z,,,(f) are even functions of § and the right-hand sides
of Egs. (F.9) to (F.11) do not have terms in sinf. For this case, only one
parameter w,, is required to ensure that there is no term in cosf. This
means that Eqs. (F.15) become

z(0)=A, 2'(0)=0, (F.18)
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or

{xo(O) = A, x5(0) =0, (F.19)

2m(0)=0, 2/ (0)=0; m=1,2,...,n.

m

In summary, the (n+ 1)th approximation to the solution of Eq. (F.1) is

n

x(f,e) = €™ xm(0) + O(e™ ),
m=0
where
0 =uwle)t = Z W™ + 0",
m=0

with wo = 1.
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Appendix G

A Standard Averaging Method

The first published work on the method of averaging was the volume by
Krylov and Bogoliubov [1]. This procedure has been extended and justi-
fied mathematically by Bogoliubov and Mitropolsky [2], and Minorsky [3].
Since then the method has become a standard technique for investigating
nonlinear oscillator systems modeled by a differential equation taking the
form

f+rx=eF(z,2), 0<e<x]l, (G.1)

where € is a small parameter. The important feature of the method is that
it not only allows the determination of steady-state periodic solutions, but
also permits the determination of the transitory behavior of the system to a
limit-cycle periodic solution. Excellent discussions on this procedure, along
with many worked examples, are given in the books by Mickens [4] and
Nayfeh [5]. A closely related technique was proposed by van der Pol [6]
who studied the periodic oscillations of nonlinear vacuum tubes.

In this appendix, we provide a heuristic derivation of the first-
approximation for the averaging method when applied to Eq. (G.1).

If € = 0, then Eq. (G.1) reduces to the linear equation

24z =0. (G.2)
The general solution and its derivative are

x(t) = acos(t + @), (G.3a)
z(t) = —asin(t + ¢), (G.3Db)

where a and ¢ are arbitrary constants of integration.
Assume, for 0 < € < 1, Eq. (G.1) has a solution that takes the form

x(t) = a(t) cos[t + ¢(t)], (G.4)
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where a(t) = a(t,e) and ¢(t) = ¢(t,¢) are both functions of ¢ and e. If we
further assume that the derivative of x(t) is

Z(t) = —a(t) sinft + ¢(t)], (G.5)
then it follows from differentiating Eq. (G.4) that
&= dcost) — asiny — adsinp. (G.6)

Therefore, for Eq. (G.5) to hold it must be that the following condition is
satisfied

acost — apsinty = 0, (G.7)
where
() =t + o(t). (G.3)
If Eq. (G.4) is differentiated, we find
&= —asiny — acosy) — agcos. (G.9)
Substituting Eqs. (G.4), (G.5) and (G.9) into Eq. (G.1) gives
asin + agcosh = —eF(acost,—asin). (G.10)

Since Egs. (G.7) and (G.10) are linear in @ and ¢, they may be solved to
obtain

a = —eF(acosy, —asiny)siny, (G.11a
b=— (2) F(acos, —asiny) cos, (G.11b
P(t) =t + o(t). (G.11c

)
)
)
These expressions are the exact first-order differential equations for a(t, €)
and ¢(t,€), when the solution and its derivative take the forms given by
Egs. (G.4) and (G.5). In general, these equations cannot be solved for
a(t,e) and ¢(t,€). Therefore, an approximation method must be created
such that the resulting equations can be solved for quantities approximating
a(t,€) and ¢(t,€).

Inspection of Egs. (G.11a) and (G.11b) shows that their right-hand sides
are periodic in ¢ with period 2w. Assume that Fourier expansions exist for

Fsinty and F cos, i.e.,
F(acos, —asiny)siny = Ko(a Z [ ) cos(ma)

+ Lin(a) sin(md))} , (G.12)
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F(acosy, —asini) costp = Py(a) + Z [ ) cos(ma)

+Qula) sin(m@[})} , (G.13)
where
2

Ky(a) = (%) ; Fsine dy, (G.14a)

2
Kn(a (%) F sin cos(map)d, (G.14b)

2
Liy(a) = (%) Fsin 1) sin(map)dap, (G.14c¢)

0
2

Py(a) = (%) ; F cos ) di, (G.144d)

2
P(a (%) F cosp cos(map)dip, (G.14e)

2
Qm(a) = (%) F cos ) sin(map)dip. (G.14f)

0
(G.14g)
With these relations, Egs. (G.11a) and (G.11b) may be written
a=—eKo(a) — e [K i (a) cos(myp) + Ly, (a) sin(ma)], (G.15a)
m=1

b=— (2) Po(a) — (2) i [Pou(a) cos(ma) + Qu(a) sin(map)]. (G.15b)

The first approximation of Krylov and Bogoliubov consists of neglecting all
terms on the right-hand sides of Egs. (G.15), i.e

a=—eKola), ¢=— (2) Py(a). (G.16)

Written out in full, we obtain the two relations

27
a=— (i) / F(acost, —asiny)sin di, (G.17a)
27T 0
27
b= — (2—;) /0 F(acost, —asing) cosy dip. (G.17b)

Note that the right-sides are both functions only of a. Therefore, the general
method of first-order averaging is to solve Eq. (G.17a) and substitute this
value for a into Eq. (G.17b) and solve the resulting expression for ¢.
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In summary, the first approximation of Krylov and Bogoliubov for the
equation

f+x=eF(zr,2), 0<e<x]l,
is the expression
x(t,e) = a(t,€) cos[t + ¢(t, )],

where a(t, €) and ¢(t, €) are solutions to Egs. (G.17). This procedure is also
called the method of first-order averaging [1, 2, 3] and the method of slowly
varying amplitude and phase [4, 7].
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Appendix H

Discrete Models of Two TNL
Oscillators

Truly nonlinear (TNL) differential equations do not in general have exact
solutions expressible as a finite representation of the elementary functions
[1]. Therefore, numerical integration procedures must be used to determine
explicit solutions that may then be compared to the results of analytical
approximations. This appendix constructs finite difference schemes for two
versions of the cube-root equation [2]. These schemes are based on the
nonstandard finite (NSFD) methodology of Mickens [3, 4, 5, 6]. Refer-
ence [3] provides a broad introduction to the background required to both
understand and apply this numerical integration procedure.

H.1 NSFD Rules [3, 6]

The NSFD methodology is based on two requirements [3]. The first is that

the discretization of the first derivative takes the general form
dx Th+1 — Tk

= OB (H.1)
where
z(t) — x(ty), t—tp=hk, h=AL, (H.2)
and the denominator function, ¢(h), has the property
¢(h) = h+ O(h?). (H.3)

The second requirement is that functions of the dependent variable x are
discretized nonlocally on the k-computational grid. In general, this means
that f(x) has a representation for which the z’s have terms involving k,
k — 1, etc. For example, the following are possible discretizations [3, 4, 6]:

, TR, 1st-order ODE;

v (ack—k1 + x; + xk_l) 2k, 2nd-order ODE.
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TRTpq1 + TRTH 1st-order ODE;
z — Tht1 +Tk—1\ o
<f) 2y, 2nd-order ODE.

H.2 Discrete Energy Function [4, 5]

Consider a conservative nonlinear oscillator modeled by the differential
equation

i+ g(x) = 0. (H.4)

This equation has the following first-integral

H(z,&) = @ + V(z) = constant (H.5)
) - 2 ) M

where

V(z) = /Ig(z)dz. (H.6)

Within the NSFD methodology, a discretization of the first-integral,
H(xz, ), should have the property of being invariant under the interchange

ko (k—1), (HL.7)
ie., if Hy = H(xk,zr—1), then
H(xk,xk,l) = H(xk,l,xk). (HS)

From a knowledge of H (z, x;—1), the second-order difference equation cor-
responding to Eq. (H.4) can be constructed from the relation

AH (xp,x5-1) =0, (H.9)
where

Afk = fr1 = S
Therefore, using this definition of the A operator, we have

H(IkJrl,:Ek) :H(Ik,xkfl). (HlO)
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H.3 Cube-Root Equation [2]

The cube-root TNL oscillator differential equation is
i+ 23 =0 (H.11)

Its first-integral is

H(z,%) = (1) (&) + G) x*/% = constant. (H.12)

A discretization of H(x, ) that satisfies the condition given in Eq. (H.7) is

2
H(xp,x-1) = (%) (“%ﬁ) + (%) xi/?’xi/fl. (H.13)

The calculation of AH (xy,25—1) = 0 requires the evaluation of two
terms. The first is

Az —2p1)* = Ala? — 22w, 1 + 27 ,)
= (g1 — %) = 2(@p12k — Tpwpo1) + (2 — 27_1)
= (Tht1 — 2%k + Tp—1) (T — Th—1), (H.14)
while the second is

2/3 2/3 2/3 2/3 2/3 2/3
A(l’k/ Ik/—l) = Ikilxk/ - Ik/ Ik/—l
2/3 2/3 2/3
= (@2 — P}, (H.15)

Placing these results in AH (xg, zx—1) = 0 gives

2/3 2/3
Tht1 — 2T + Tp—1 2 xkil - wk/q 2/3 _
> +{3) | = =0

Tr+1 — Tk—1
Using the relation
a? —b* (a+b)(a—10) a+b

a3 —b  (a—0b)(a2+ab+b2)  a2+ab+ b2’

with
_1/3 _1y3
a=wz5, b=z,
we find
1/3 1/3
Tpa1 — 2T + Tp_1 (Ik-i-l + Ik—l) /2 2/3

2 2/3 1/3 1/3 2/3
¢ (%11 + xk{i-lxk/—l + Ik/—l) /3
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or
1/3 1/3
($k+1 — 2z —l—xk_l) [ 3xi/3 1 (xkérl +.’L‘k/,1 -0
2 2/3 1/3 1/3 2/3 -
¢ Tpiq T Ty T T Ty 2

This is the NSFD scheme for Eq. (H.11).

Other NSFD schemes may be constructed for the cube-root differential
equation. If this equation is written as a system of two coupled first-order
equations

dx dy 1/3
> -7 — _ H.17
Y g = (H.17)
then we obtain the discretizations:
NSFD-1
LTht1t = Tk _ Y, Yet1 — Yk _ —Uﬁzlcf’p (HL18)
o) 0
or
Tl = Tk + OYk,  Ykt1 = Y — O(@r + dyr) 3 (H.19)
NSFD-2
LThtt = Tk _ Uit Yet1 — Yk _ _56116/37 (H.20)
o) 0
or
Thtl = T + QYL — ¢2$;1€/3, Yk+1 = Yk — ¢y;1g/3- (H.21)

Numerical experiments were performed using these three NSFD
schemes. For these simulations, ¢ was selected to be h, i.e., ¢(h) = h.
The numerical results, in each case, produced solutions that oscillated with
the expected constant amplitudes. However, two other standard schemes
give results inconsistent with the known behavior of the cubic oscillator. A
forward-Euler discretization produced numerical solutions that oscillated
with increasing amplitude, while the standard MATLAB one-step ODE
solver ode45 gave numerical solutions with decreasing oscillatory ampli-
tudes. These results clearly demonstrate the overall dynamic consistency
of the NSFD methodology as compared with many of the standard numer-
ical integration methods [2, 19].
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H.4 Cube-Root/van der Pol Equation

This TNL oscillator equation is
P4 2t/3 =e(1 - 2?)i. (H.22)
We now suggest a possible NSFD scheme for this differential equation. We
begin with the observation that the van der Pol oscillator
F4a=e(l—-2%z, (H.23)
has a NSFD representation given by the following expression (see Sec-
tion 5.4 in Mickens [3]),

Thy1 — 2T + Th—1
2 (R
4 sin (5)

Based on the discretizations, given in Eqgs. (H.16) and (H.24), we take the
following result for the NSFD scheme of the cube-root/van der Pol equation

Tk — Tk—1
+ap =e(l—23) 7(4“]2(}1/2))
h

(H.24)

Tyl — 21']9 + g1 3xi/3 ] lxifl + ‘Tllc/fgl
2k
4sin (5) xifl + xllcflxllc/fgl + xi/}l 2
- ) T — Lk—1
=e(l—a3) 7(4%2(}1/2)) (H.25)
R

Comparing this structure with
i+ at? =e(l —2?)i,
the following conclusions may be reached regarding this discretization:

(i) The first-order derivative, on the right-hand side of the differential
equation has the NSFD form

T — Tk—1
kT kL
[4sin2(h/2):| ’
h
this corresponds to a backward-Euler scheme having the denominator
function
4sin®(h/2
orl) = ) (H.26)
ie.,
. T — Tk—1
&— — H.27
¢1(h) (H.21)
where

¢1(h) = h + O(h?)
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(i)

(iii)
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The quadratic function (1 — 22) has a local representation, i.e.,
(1—2%) — (1 —a2). (H.28)

The second-derivative, Z, is a generalization of the central-difference
scheme, i.e.,

Tyl — 20 + T
N
h? ’
and corresponds to the replacement

Tyl — 20 + T

, H.29
0k (129
where the denominator function is
h
¢2(h) = 2sin (§> . (H.30)
The discretization of '/ is the complex expression
2/3 1/3 1/3
/3 3%/ A (H.31)
2/3 /3 _1/3 2/3 2 : :
Thpy T T 1T, T 2

Examination of the right-hand side of this expression indicates that the
“pl/3” term is averaged over the two grid points, t = tx—; and 41,
and this quantity is multiplied by a factor that is essentially “one,” in
the sense that in the limit where £k — oo, h — 0, t, = t = constant,
then its value becomes one.
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